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Modern machine learning

» New regime for statistics: overparametrized models, no explicit regularization and
capacity control, train until (near-)interpolation even with noisy data.

New phenomenology: benign overfitting, double descent, non-monotonic error
curves...

» Phenomena already present in linear models [Belkin,Ma,Mandal,’18].

> This talk: kernel ridge regression (KRR) in the high dimension regime.
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Modern machine learning

» New regime for statistics: overparametrized models, no explicit regularization and
capacity control, train until (near-)interpolation even with noisy data.

New phenomenology: benign overfitting, double descent, non-monotonic error
curves...

» Phenomena already present in linear models [Belkin,Ma,Mandal,’18].

> This talk: kernel ridge regression (KRR) in the high dimension regime.

Goal of this tutorial is to show:
1. How to derive quickly asymptotics for kernel/random features ridge regression.

2. How the above phenomena have very precise explanations in this regime.
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Benign overfitting, self-induced regularization and double descent

A

» Benign overfitting: interpolator generalizes well.
Idea: f = fo + A with fo smooth solution +
spike part with ||A]|z < 1.

In linear models: self-induced regularization.
Non-smooth part of the kernel plays the role of
an effective ridge regularization.

(This is HD phenomena.)

m— Test Error
---- Bias
—— Variance

» Double descent and non-monotonic curves.
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Benign overfitting, self-induced regularization and double descent

A

» Benign overfitting: interpolator generalizes well.
Idea: f = fo + A with fo smooth solution +
spike part with ||A]|z < 1.

In linear models: self-induced regularization.
Non-smooth part of the kernel plays the role of
an effective ridge regularization.

(This is HD phenomena.)

m— Test Error
---- Bias
—— Variance

» Double descent and non-monotonic curves.

Need exact test error that holds for a given function and is exact up to an additive
vanishing constant.
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Some references

A subset of references:

» Benign overfitting: [Liang,Rakhlin,'18], [Ghorbani,Mei,M,Montanari,'19],
[Bartlett,Long,Lugosi, Tsigler,"20].

» Double descent: [Mei,Montanari,'19], [Hastie,Montanari,Rosset, Tibshirani,’20],
[Gerace,Loureiro,Krzakala,Mezard,Zdeborova, 20].

» Linear models: [Tsigler,Bartlett,'20], [Cui,Loureiro,Krzakala,Zdeborova,'21],
[Liao,Couillet,Mahoney, 20], [Richards,Mourtada,Rosasco,'21], [Wu,Xu,'20].

» KRR: [Jacot,Simsek,Spadaro,Hongler,Gabriel,'20], [Canatar,Bordelon,Pehlevan,’21],
[Mei,M,Montanari,'21], [Bartlett,Montanari,Rakhlin,'21], [Liu,Liao,Suykens,'21],
[Liang,Rakhlin,Zhai,'21], [Hu,Lu,'22].
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Quick background on KRR (1)

Covariates: x € (X, v).
Kernel function: K : X x X — R PSD, associated kernel operator: K : L*(X) — L*(X):

]Kf(x):/XK(x,x/)f(x/)y(dx').

Diagonalization: {;};>1 orthonormal basis of L>(X) and {)\;};>0 nonincreasing (); > 0)

K=Y Ngjoj,  K(xi,x2) =Y Nj(x1)j(x2).

j>1 j>1
Feature map: x — ®(x) = fqb, ))j>1 so that K(x1,x2) = (®(x1), P(x2))e,
L? space: for any f, € [*(X),
= Bi6i(x) = (0, 0z 0= (O))iz1, 0 =5/VN-
jz1
Associated RKHS: H = {f € [*(X) : ||f|j2 < oo},

5.2

f K272 =N 2L
13 = |l 72 = Y

2
= [10x]l, -

j>1
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Quick background on KRR (2)

Data: {(y, xi)}icn where x; ~iig (X,v) and y; = fi(x;) + &;, with £, € L*(X) and
independent noise ¢;, E[¢;] = 0, E[¢?] = o2

e

Kernel ridge regression: fit the data with

A —argmin { 3"~ F(x))* + Al }
i€[n]

Equivalently: A = (Ox, ®(-))s, where for ® = [®(x1),...,d(x,)]T € R™*,

05 = arg min { S (i — (0(x:), 0)% + Aueuiz} = oT(0dT +))ly.
i€[n]

[Representer thm: £ (x) = > 8K (x, x;) with @ = (K +X)"ty, K = (K(xi, x;))ic(n)-]
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Quick background on KRR (2)

Data: {(yi, xi)}ieiq Where x; ~jig (X,v) and y; = f.(x;) + &, with £, € L*(X) and
independent noise ¢;, E[;] = 0, E[¢7] = o2.

Kernel ridge regression: fit the data with

A = arg min {30 = Fx) + A3
i€[n]
Equivalently: A = (Ox, ®(-))s, where for ® = [®(x1),...,d(x,)]T € R™*,
B =argmin { 3~ (i — (®(x)), 8))° + A6]12, } = T (@07 +2) Ty

o i€[n]

[Representer thm: £ (x) = > 8K (x, x;) with @ = (K +X)"ty, K = (K(xi, x;))ic(n)-]

Goal: compute the test error R(f., f) = Ex[(f.(x) — A(x))?] in the high dimensional
regime x € R and log(n) < log(d).
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Gaussian equivalent model and universality of feature maps (1)

Ridge regression with features ¢(x;): function of random matrix resolvent.

For some “high dimensional” feature map, expect universality to happen: can replace
¢(x) by Gaussian vector z with matching first two moments.

Covariance matrix: X = E,[®(x)®(x)T] = diag(();)j>1)-
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Gaussian equivalent model and universality of feature maps (1)

Ridge regression with features ¢(x;): function of random matrix resolvent.

For some “high dimensional” feature map, expect universality to happen: can replace
¢(x) by Gaussian vector z with matching first two moments.

Covariance matrix: X = E,[®(x)®(x)T] = diag(();)j>1)-

Model KRR: Gaussian covariates model:
Distribution | ®(x) = (1/Aj®j(x))j>1 with x ~ v. z ~N(0,X)
Data

(q)(X,')),-e[,,] iid, yi = <¢(X,’),0*> +&i

(Z,'),-e[,,] iid, yi = <Zi,9*> + &

Feature mat.

® = [B(x1),...,0(xn)]T € R™*>® Z=[z1,...,2,]" €R™™
Kernel fct K(xi, xj) = (®(x1), P(x2))es K(zi,zj) = (z1,22)4,
Solution A = ((x),0:)0 A2) = (2,050

0y =0T (00T + )1y 85 =27(2Z" + Ny
Test error

R(f., F) = ||Z3(0. — 0,)|12,

~ ~G
Ro(fe, ) = | £V%(6. — 817,

Universality: R(f., ) — Re(f., f) 50 (already conjectured previously).
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Gaussian equivalent model and universality of feature maps (2)

[Hu, Lu,’20], [Montanari, Saeed, 22],[Gerace,Loureiro,Krzakala,Mezard,Zdeborova, 20] when
n =< d and or universality of covariates.

Here universality of the entire feature map and polynomial scaling log(n) < log(d).

Such an equivalence is not obvious: coordinates of ®(x) are not subgaussian or weakly
dependent. Here will present some cases, where it can be shown rigorously.
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Test error in the Gaussian covariates model

Test error: Ro(f, h) = ||Z/2(6. — éf)“i-

Bias = || £'/20, — £Y/2Z7(2Z" + \) ' Z0.|3,,
Variance = 02 Tr[(ZZ" + \)?ZxZ"].

Different than previous Gaussian design work (n < p, eigenvalues of same order).

Here for simplicity, we assume: 35 > 0 and a sequence m(n) such that m < n*~° and

(a ‘spectral gap’, which will happen for models with a lot of symmetries.)
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Key quantity: the kernel matrix

Random kernel matrix: K = ((z;, z;))jic(s € R™".
K = ZAJ'UJ'UJT = KS’" + K>m7 uj = (zij)iE[n] .
=1

Main intuition:

> High-frequency part: K~ = Z~nZ2L,, with Z,, iid Gaussian rows. Denote
Asm =2 o, Aj- Then w.h.p.,

1Z5mZLm = Asmlllop S Ami1 +Asm/n <t s

> Low-frequency part: K<, = ngzgm = GmEnG/ where G, = ng}:;”z,
G, € R™™iid N(0,1) with m < n. Then G, almost orthogonal:

167G/~ lnllop S 2 = n™".
The kernel matrix: Aeff = Asm + A,

K+M=GnEZnGr + Aettln.
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Asymptotics formula

Asymptotics:
Bias = [|8,, — (Em + (Aet/m)lm) " EmfByll2 + 1B mll7, + 0a,p(1),
Variance = oqg,p(1) .
Test error:

Re(fe, £) = 1B = (£ + (hert/m)1) " EBIIZ, + 0ap(1).

For KRR: R
R(f, fx) = [If. = Safl[fz + 0ap(1),

with shrinkage operator:

2 A Nl
fa(x) = Safu(x) = ;m<f*:¢J>L #i(x) .
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KRR acts as a shrinkage operator

With spectral gap, KRR with finite data :

o .ol ] N2 A2
A =argmin {3~ (= F()) + 2l }

i€[n]

replaced by effective problem with n = co and Aer = Asm + A

f;ff _ arg:nin {E[(f*(x) — f(x))z] + %angi} .

Components: \j > A/ n perfectly fitted, \j < Aewr/n not fitted at all.
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KRR acts as a shrinkage operator

With spectral gap, KRR with finite data :
o .ol ] N2 A2
h=argmin { - ;“m FOxi))® + SIIFI }

replaced by effective problem with n = co and Aer = Asm + A

Ao = arg min {EL(E.() — F00)] + 221713}

Components: \j > A/ n perfectly fitted, \j < Aewr/n not fitted at all.

Phenomenology:

1) A>m self-induced regularization from high-degree part of kernel,

2) Interpolator A = 0 are optimal,

3) KRR learns P<,f. (smooth part) and doesn't learn at all Ps,f. (and Pxnf spiky
part for interpolation).
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Proving universality

What properties on ¢(x) allow you to show universality with Gaussian model?

[Mei,M.,Montanari,’21]: hypercontractivity of the top eigenfunctions.

Assumptions on (¢("),>1:
> Spectral gap: exists m(n),., and § > 0 such that m < n*~° and

Amia -0 <N

j>m
» Hypercontractivity: for any g > 1, there exists Cy such that

Illize < Collblliz,  Vh € span(y” : 1< s < m}.

E.g., low-degree polynomials for x Gaussian vector/uniform on hypercube/uniform on
hypersphere.

Other abstract assumptions that show universality. However, difficult to check these
assumptions in practice.
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One example: inner-product kernel on the sphere

> x1,x2 ~ Unif(SY"1(v/d)) and h:[~1,+1] — R PD, non-polynomial.
Eigendecomposition of the kernel:

K(x1,x2) = h({x1,x2)/d) = ka Z Yis(x1) Yis(x2)

s€[B(d,k)]

where Yis degree-k spherical harmonics and &, = ©4(B(d, k)™!) = ©4(d~¥).

> For d** <n<d"7° cantake m=3,_, B(d, k) = ©(d"):

nAmii=n-&1>d, > N= &B(d k) =04(1).

Jj>m k>¢

> For j < m, A\j > A% /n are perfectly learned, \; < X* /n are not learned at all, ie.,

fA‘,\(X) = ngf*(x) + Od,]}»(l) .

Kernels in high-dimension Dy et g S0)5



What about n = d*?

No spectral gap when n = d*:
Y. Y]

K=~ K
<t— 1+M B(d,0)

+ musgl,.

> K<;—1: low-rank spike matrix.
» K-y~ pusely: self-induced reg from high-degree part.

> Yy = (Yes(xi))icpn),sciaa,e) € R™ *B(d:9) jid rows. Covariance matrix. Spectrum
converges to a Marchenko-Pastur law.

(Generalization of [El Karoui,'10] to the polynomial scaling.)

Fits completely degree-(¢ — 1) polynomial approximation, none of the degree > ¢
components, and partially degree-¢ components.

Kernels in high-dimension Tty e, S8
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Test error for n = d*

Test error = ||P~,f.||%2 + the test error of ridge regression model with x; ~ N(0, /) and
yi = (x, B) + ¢; with ||B||]2 = ||Pef|| 2 and noise E[e?] = ||P>e¢fi||% + o2 and
regularization § = (p>e + )/ e

As n/B(d,f) —

min {|ly - X815 + &BI3} .

R(fii ) = IPefulliz - B, o) + (IPsefullfz + 02) - V(¥,Ce) + [Psefilliz + oap(1)-

Test error: B(y, Q) + V(y, Q)

Bias: B(y,Q)

Variance: V(y,Q)

1.754
1.504
1.254
1.004
0.754
0.50

0.254
T

1.754
1.50
1.254
1.00
0.757
0.50 1
0.254

0.00 1
T T
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Asymptotics of KRR on the sphere in polynomial scaling

x ~ Unif (S 1(Vd)), K(x; z) = h({x, z)/d).
Asymptotics in polynomial scaling n/d™ — 4 for any x,¢ > 0:

Test error of KRR
in the polynomial regime

A IP>e-1felz2

IP>ofillZ2 1

HP>1f*”iz 1 i -—_h"‘*\\» 7

HP>2f*Hiz 1

HP>3f*H§,2 1

HP>4f*”§,2 1

0 1 2 3 4
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Random features ridge regression

K(x1,x2) = By [o(x1; w)o(x2; w)] with o € L2(X x V).

Random feature approx: sample (ws) ~jis v and replace K by

1
Kn(x1,x2) = N Z o(x1; ws)o(x2; ws) .
s€[N]

Random Features Ridge Regression (RFRR): fit a model fy \(x) = %Zse[,\,] 4so(x; ws)
with

When N — oo, f/\/)\ — f}.
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Universality and Gaussian equivalence model

Again, o can be seen as a compact operator and is diagonalizable:

a(x;w) =Y VA (x)U(x) = (S(x), W(W))es

o(x) = (A (x))z1,  W(x) = (N *(x))z1,

with {¢;} orthonormal basis of L?(X) and {1} orthonormal basis of L?(V).

Gaussian equivalent model: ®(x;) <+ zi, W(w;) <> g; and o(xi; w;) <> (zi,8;)e,-
F = (O'(X,'; Wj))ie[n],jE[N]v Z= [21, . .,Zn]T € Rnxoo, G = [g']_7 e 7g"]T S RNXOO.

WA(z)=2"G"GZ"(ZG"GZ + \/N)"'y/N.

Kernels in high-dimension Tty e, S8
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Asymptotics of RFRR on the sphere in polynomial scaling

x ~ Unif(S¥"1(v/d)), w ~ Unif(SY7*(V/d)), fre(x; a) = Piem @i ((x, wi)).
Asymptotics in polynomial scaling n/d"* — 11, N/d"? — 1) for any k1, k2, 91,92 > 0:

Test error of RFRR

A in the polynomial regime

IPsofull22 7

IPs1full24
P2 full?. 4
Statistical error
[P>3full?e |Appr0ximation error
[IP>afull72 i i i Aeras
| | IS 1)
0 1 2 3 ke 4 log(d)
K1

Test error &~ max(approzimation error, statistical error).
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Application I: learning with group-invariance (1)

» Data invariant by group action Gy (subgroup of O(d)):
ie., fu(g - x) = fu(x) for all g € Gy, x € ST71(V/d).

» Comparison between learning with:
- standard kernel K(x1,x2) = h((x1,x2)/d);
- Gg-invariant kernel K(x1,x2) = fgd h({x1,g - x2)/d)m4(dg).

» Group G4 of degeneracy a: if for any k > «,

dim(Vd,k)
dim(Vd,k(gd))

Vi, : space of degree-k polynomials; V4 «(Gq) : degree-k Gg-invariant polynomials.

= d“,
Cyclic group: @ =1 (gr * X = (X14ry X2qry e ooy Xdy XLy« o« 3 Xr))-
» To learn a degree-¢ polynomial approximation needs d*~* samples.

(Gain of a factor d* in sample size and number of random features.)
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Application I: learning with group-invariance (2)

Cyclic invariant MNIST:

0.6 1
0.4
021 T=784
1.0 1.5
log(n)/log(d)

Figure: Test accuracy against number of samples (orange: cyclic kernel, blue: standard kernel).
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Application II: learning with convolutional kernels

Covariates x = (x1,...,x4) € R?, patches of size g: X(k) = (Xiy -+, Xkrq—1).
NTK of 1-layer convolutional kernel followed by local average pooling

Hq,w(x,2) = Z Z h((Xk+s, Zkts7)/q) -

k€[d] s,s’ €[w]

For x ~ Unif({+1, -1}%), H

4, can be diagonalized and we can compute sharp
asymptotics for the test error.

E.g., target function: f.(x) = %Zke[d] Pe(X(k))-

To fit £, HFC | HES | HK HEK
Sample complexity | d* dt

Hép
dq£71 dqlfl/w £—1

H: g=d,w=1, HGP qfd,w:d;
HHK: qw=1; HSK: g, w; HEK: q,w=d.
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Application IlI: learning with anisotropic data (1)

Spiked covariates model: orthogonal matrix [U, U*]
x=Uz1 + UJ‘zz, z1 €ER% 2z, e R %,

Signal part: z; ~ Unif(SdS_l(\/snrc . ds)).
Noise part: z ~ Unif(Sd*dS*1 (\/d — ds))

ds = signal dimension.
snr. = covariate SNR.

Target function: f,(x) = ¢(z1).
Define effective dimension: desr = ds V (d/snrc)

for degt™® < n < doe™1 0, R(fi, f) = ||Pscfull?2 + 0ap(1) .

» Approx. isotropic data: snrc =~ 1, der & d.

» Very anisotropic data: snrc > 1, der = ds < d. KRR much more efficient.
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Application IlI: learning with anisotropic data (2)

For images: (1) Spectrum concentrates on low-frequencies;

(2) Labels depend predominantly on low-frequencies.

0.92

o
©
o

.
o

o o o
Y 0 0
» o ©

Classification Accuracy (Test Set)

o
o
N

+ Linear

Quadratic
NN

RF KRR
NT KRR
RF

NT

0.0 0.5 1.0 1.5 2.0 25
Noise Strength, T

3.0

‘.

Figure: Test accuracy on FMNIST: adding noise to the high frequency components (decreasing

snre, increasing degs = d/snrc).
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Summary

» Gaussian equivalent model for "high-dimensional enough models".
» Can give very precise results which give clear conceptual picture.

» More general type of universality: entire feature maps + polynomial scaling
log(n) < log(d).

> Limitations: hard to apply it to specific setting (most of the time, no explicit
diagonalization).

» More general directions (ERM universality).
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I
Thank you! J

1. Linearized two-layers neural networks in high dimension. Ghorbani, Mei, M., Montanari
(2019).

2. When do neural networks outperform kernel methods? Ghorbani, Mei, M., Montanari (2020).

3. Generalization error of random feature and kernel methods: Hypercontractivity and kernel
matrix concentration. Mei, M., Montanari (2021).

4. Learning with invariances in random features and kernel models. Mei, M., Montanari (2021).
5. Learning with convolution and pooling operations in kernel methods. M., Mei (2021).

6. Spectrum of inner-product kernel matrices in the polynomial scaling and multiple descent
phenomenon in kernel ridge regression. M. (2022).

+ some ongoing work.
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