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Chapter 1

Introduction

In these lectures, we explore foundational concepts and recent developments
on the computational complexity of Deep learning—and more broadly, ma-
chine learning. My primary goal is to introduce systematic approaches for
understanding the computational complexity in statistical learning tasks,
with an emphasis on techniques for establishing computational lower bounds.
Rather than a comprehensive treatment, these lectures are structured as a se-
ries of vignettes, highlighting key intuitions, central ideas, and formal frame-
works essential for deriving these lower bounds. Throughout, I will provide
references for students interested in delving deeper into specific topics.

One might ask: Why emphasize lower bounds? Isn’t that too gloomy
an outlook on life? Perhaps. However, lower bounds serve a crucial role
in theoretical machine learning. They clarify inherent difficulties in learn-
ing tasks—irrespective of the algorithm—, provide ‘yardsticks’ against which
we compare our learning algorithms, identify fundamental tradeoffs between
resources (e.g., sample vs. computation), and formalize “no free lunch” by
quantifying what assumptions are necessary for learning. Given the intricacy
of deep learning methods, focusing on lower bounds enables us to abstract
complex implementation details and concentrate on some essential aspects of
learning problems. This, in turn, provides crucial insights into the underlying
principles that determine effective learning and algorithm design.

By pursuing this perspective, we will touch upon several foundational and
contemporary topics in machine learning theory, including;:

e Proper versus improper learning, generalization-computation trade-offs,
and how overparametrization can affect tractability.

e Adaptive (‘feature learning’) versus non-adaptive (‘fixed feature’ or ker-

7



8 CHAPTER 1. INTRODUCTION

nel) methods.

e Statistical-to-computational gaps and the inherent trade-offs between
runtime efficiency and sample complexity.

e Key frameworks for capturing learning hardness: reductions, junk flow,
Statistical Query algorithms, and Low-Degree Polynomials.

Outline. The classical approach to establishing computational hardness re-
lies on reductions from problems presumed hard under standard complex-
ity assumptions (such as P # NP or cryptographic hardness). This will be
the subject of Chapter 1. However, such reductions are often difficult—or
even impossible—to apply in statistical settings that emphasize average-case
rather than worst-case hardness—that is, hardness with high probability over
random problem instances. Over the past few decades, alternative frame-
works have been developed to prove lower bounds for restricted classes of al-
gorithms. These approaches are typically easier to implement, yield sharper
predictions, and apply broadly to many problems. In the rest of these lec-
tures, we will present lower bounds on kernel methods (Chapter 2), noisy
gradient descent (Chapter 3), Statistical Query (SQ) algorithms (Chapter
4), and Low-Degree Polynomial (LDP) algorithms (Chapter 5).

Notations. Throughout these notes, we denote Py the marginal distribution
of the covariate vector * € X. We further denote P(Z) the space of prob-
ability distributions over the (measurable) space Z, and L?(D) the space of
squared-integrable functions with respect to D € P(Z), with inner-product

<f7 g>L2(D) = Ez,\,p[f(Z)g(Z)], for all fag € LQ(D)n (101)
and norm || f| 2y = (f, f)lL/QQ( - For notational simplicity, we will write

(-,-)p—or simply (-,-)z2 when D is clear from context—instead of (-,-)2(p).

1.1 Supervised learning

We focus on the standard supervised learning problem where we are given
a collection of n data points {(y;, ;) }i<n ~iia D with x; € X' the vector of
covariates, y; € Y the response or label, and D € P(Y x X) an unknown
probability distribution. The goal is to learn a model f : X — Y (also known
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as a predictor) such that, given a new covariate vector ey, it predicts the

response Ynew via f(@pew). The performance of the model is measured by a
test error (also known as population risk)

R(f:D) = By o | (o F (@) | (11.1)

where £ : Y x Y — R is a loss function.

Example 1.1.1. For concreteness, we will often assume that X = R?, ) =
R, and that the data (y,x) ~ D is generated via

y = h(x) + ¢, (1.1.2)

where h, € L*(Py) is the target or regression function and € is an indepen-
dent label noise Ele] = 0, E[e?] = 02, so that h.(x) = Eply|x]. In this case,
we will focus on the squared loss £(y, 1) = (y — §)?, and refer to this setting
as the regression setting.

In the classification setting, the label y takes discrete values. In this case,
we will assume Y = {—1,41} and focus on the 0-1 loss ((y,y) = 1]y # 9],
so that R(f, D) = Py a)oply # f(a:)]—the probability of correctly predicting
the label. When f is real-valued, we will simply identify § = sign(f(:c)).

Sometimes, it will be convenient to subtract from the test error the Bayes
risk—that is, the minimum test error achievable by any predictor. This is
known as the excess test error or excess risk:

Rexe(f; D) = R(f; D) — (dnf R(f;D). (1.1.3)

In the case of squared loss, the excess risk is simply
A A 2 A
Rexelf; D) = Eany | (hel(@) = f(@))*] = Il = fII3,. (1.1.4)
where h,(x) = E[y|x] is the regression function.

Parametric model class. We restrict the model f is chosen restricted to
lie in a parametric family of models

feF={xw— f(x;0):0 c R},
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where 8 € R? is the vector of parameters. For example,

M
f(@:0) = aio((w;,x) +b), (1.1.5)
i=1
with @ = (a1,...,ax,b1,. .., 0y, wr, ..., wy) € RME+2) . Then, F is the
class of two-layer neural networks with M neurons and activation o : R — R.
With a slight abuse of notation, we will write R(0;D) := R(f(-;0),D), or
simply R(€) when D is clear from context.

Empirical Risk Minimization (ERM). Our goal is to learn a model
f(-,0) that minimizes the population risk (1.1.1). We do not have access
to D, only to the n training data points {(y;, ;) }i<n. Thus, a standard ap-
proach consists in approximating the population risk R(@; D) by the empirical
risk R,(0), and fitting @ € R? by minimizing :

é::arageﬁinﬁn(ﬂ)—l—rw), R, (0) :%izn;f(yi,f(wi;e)), (1.1.6)

where we include a possible regularizer 7 : R — Rso—e.g., 7(0) = \||0]|3.

Gradient descent. Generically, 0 does not admit a closed form expres-
sion. Instead, modern machine learning attempts to construct approximate
minimizers of this empirical risk using gradient-type algorithms (first order
methods). The simplest is gradient descent (GD), which, starting from a
(random) initialization @y € R?| iteratively update the parameters as

0" = 6% — 1. Ve(R.(6%) + 7(6")). (1.1.7)

In practice, stochastic gradient descent (SGD) with small batch is preferred:
at each step, b data points {(y;, ;) }icz, with Z C [n],|Zi| = b, are chosen
uniformly at random from the training data set and

g+l — gk _ ”—; N Volly, f(xi;6%)) — Vor(6Y). (1.1.8)

1€y

Performance of predictors. In these lectures, we will be interested in
understanding when this basic ‘pipeline’ fails to achieve good prediction—
that is, when it fails to attain low test error. Broadly speaking, there are
three factors that limit the performance of a trained model f(-, 8):
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e Expressivity: The function class f(-, @) might not be expressive enough
to model the true input-output relationship (y,x) ~ D. However, in
modern practice, we typically use highly complex neural networks that
are extremely expressive. As a result, we will largely ignore this issue
(see Section 1.4 for a discussion on the role of overparameterization).

e Sample size: The training dataset may be too small for the empirical
risk R, (0) to serve as an accurate proxy for the population risk R(6)
over F. The trained model might not generalize beyond the training
set to new unseen examples.

e Runtime: Even when sufficient data is available, learning a good
model may be computationally infeasible. When considering neural
networks, the empirical risk minimization problem (1.1.6) is highly
non-convex, and there is no guarantee that gradient descent (1.1.7)
will converge to a global minimizer—or to a sufficiently good solution.

These lectures focus on the third factor: the computational complexity of
supervised learning. There are several reasons for emphasizing this limitation,
and we list three below:

1. The statistical aspects of learning are comparatively better understood,
with mature theories such as uniform convergence (e.g., [SSBD14, BFT17,
SH20]) and minimax theory (e.g., [Wail9, Chapter 15]).

2. Being computationally efficient is a more stringent requirement than
being statistically efficient, simply because runtime grows at least lin-
early in the number of samples. In fact, many problems display so-called
Statistical-Computational gaps, that is, they exhibit regimes where learn-
ing is information-theoretically possible, yet no known polynomial-time
algorithm succeeds. See [Wei25] for a nice overview of this phenomenon
through the lens of the low-degree polynomial framework.

3. In many respects, the success of deep learning presents a computa-
tional mystery rather than a statistical mystery. We refer to [BCF 24,
GKK™24] for discussions. Furthermore, classical statistical learning
theory—based on i.i.d. samples and function approximation—fails to
capture many aspects of modern practice, where data is often curated,
mixed with synthetic data, or presented in a curriculum-like sequence.
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In the remainder of these lectures, our focus will be on developing tech-
niques to establish lower bounds on the computational complexity of the
supervised learning problem. At this stage, we have not precisely defined
what we mean by computational complexity, and in fact, the notion will vary
depending on the context. Broadly speaking, you can think of it as the run-
time required for an algorithm to succeed—measured in terms of the number
of elementary operations it performs—and how this runtime scales with var-
ious problem parameters (e.g., input dimension, accuracy, etc.). Each lower
bound framework we study will rely on a different proxy for computational
complexity (sample size, number of gradient steps, number of queries, or de-
gree of the polynomial). In each case, we will clearly state what notion of
complexity is being bounded and under what assumptions.

1.2 Hypothesis classes and running examples

Before proceeding, let us make one final—but essential—remark. To mean-
ingfully define a learning lower bound against broad classes of algorithms, we
must consider a family of learning problems. That is, we consider a hypoth-
esis class H C P(Y x X), where each D € H is a possible data-generating
distribution, and require that our algorithms succeed on all-—or most of—
these distributions. Otherwise, the learning problem is not well defined: if
H = {Dy} is a singleton, then a trivial algorithm that simply outputs Dy—
without observing any data—solves the problem in zero samples and constant
time. Hence, nontrivial lower bounds require some form of uncertainty about
the underlying distribution to be learned.

In some cases, with input marginal Py fixed and shared by all D € H,
the algorithm might only access the data through the regression function
h = Eply|x]. In this case, we can identify D € H with its target functions h,
and with a slight abuse of notations, directly consider H C {h : X — Y} as
a set, of functions.

Throughout these lectures, we will consider two running examples of hy-
pothesis classes to illustrate and compare each lower bound. Namely, we
consider learning Gaussian single-index models and sparse functions on the
hypercube.
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1.2.1 Learning Gaussian single-index models

Let X = R? and YV = R. Given a target function f, : R — R such that
E[f.(G)?] < 0o, G ~ N(0,1), we consider the hypothesis class

Hg) =Dy - w € ST, (1.2.1)

(here, S¥1 = {w € R?: ||w||s = 1} denotes the unit sphere in d dimensions)
where (y, ) ~ Dy, 4 is generated as'

y = fi({w,,x)) +¢, with & ~N(0,1;), and & ~ N(O,ag). (1.2.2)

In other words, the response y only depends on & through its one-dimensional
projection (w.,x). For simplicity, we will keep the dependency on f, and
simply write Héﬁi) and D,, when clear from context.

The distribution D,, is a simple example of a generalized linear model

[McC84, BKM™19]. It is also often called a single-index model—the label y

only depends on one ‘index’ (w, x) of the input data. We will refer to Hgll)
as the class of Gaussian single-index models.

When fixing f, and o., this naturally induces a sequence of hypothesis
classes indexed by d. We will be interested in understanding the complexity
of learning Hgll) as d — oo. Information-theoretically, n = ©4(d) is necessary
and sufficient to learn this family. However, we will see that in order to have
a polynomial-time algorithm (polynomial in d) that solves this problem, one
needs n = @d(de/2) samples, where kg is the generative exponent of f,
[DPVLB24]. Thus, these models display a Statistical-Computational gap
where, if d < n < d*/?, learning is information theoretically possible, but
computationally hard.

For convenience, we will denote 4 := N(0,1;) and 74 := Unif(S?1).

Remark 1.2.1 (Unknown link function). Here, learning Hé‘f) amounts to

recovering the vector w, € S '. This corresponds to a Bayesian setting
where the only unknown s the support direction. If instead f, is only partially
known, that is, if we only know that f, € L C {f: R — R}, e.g., the class of
1-Lipschitz functions, then we could consider instead

H=|])H = {Drw : wesS" fLeL}.
f+€L

!There is no added difficulty when considering a general link function ylz ~ p(-|(w.,x)) where p €
PR x R) with (Y,G) ~ p and G ~ N(0,1).
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However, (1) lower bounds will be driven by the most difficult subset H;f?sw
and (2) when d — oo (high-dimensional regime), the complexity of learning
these distributions will be dominated by recovering the support direction (L
is dimension independent). Thus, we will not explore this direction and only
consider settings where f, is fized, known.

1.2.2 Learning sparse functions on the hypercube

Let X = {—1,+1}" be the discrete hypercube in d dimensions, and ) = R.
Fix an integer P € N. Given a target function f, : R” — R, we consider the
hypothesis class

HY = (Ds: S € P([d], P)}, (1.2.3)
where P([d], P) is the set of size-P ordered subset of [d], and (y,x) ~ Dg, is
generated as’

y = folxs)+e, with &~ Unif({£1}?), and e ~N(0,07). (1.2.4)

where we denote g, = (;)ics. € {&1}F. In other words, the response y only
depends on P ‘active’ coordinates z;,i € S, and is independent of the rest of
the input coordinates. We will refer to Hé? as the class of sparse functions

on the hypercube. Note that learning H amounts to recovering the (ordered)
support S, € P([d], P) (see Remark 1.2.1).

Again, when fixing f, and o., this induces a sequence of hypothesis classes
indexed by d, and we will be interested in understanding the complexity of
learning Hgé) as d — oo. In this case, n = O,4(log(d)) is necessary and
sufficient to learn this family in polynomial time (there is no Statistical-
Computational gap). Indeed consider the following simple algorithm:

1. For each ordered subset S € P([d], P), compute Ty = E,[yf.(xs)], the
empirical average over n samples.
2. Output S = arg maxg Ts.

By union bound, if n = ©4(log(d)), then® § = S, with high probability, and
the algorithm runs in time O(nd?).

2Again, there is no added difficulty when considering a general link function y|x ~ p(-|xs) where p €
PR x {£1}F) with (Y, X) ~ p and X ~ Unif({£1}F). Furthermore, all the results on learning sparse
functions in these notes will generalize straightforwardly from uniform on the hypercube to general product
distributions on R?.

3Note that if f, has internal symmetries, that is f.(xs) = f«(xs/) for S # S’, we can only recover S up
to these symmetries.
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Instead, we will see that no known algorithm exists that solves this prob-
lem with less than ©,4(d*s) runtime, where k, is the generative leap exponent of
[+« [JMS24]. For example, the parity function f.(xs,) = [[,cs. 7 has k;, = P:
in this case, the lower bound ©4(d”) matches the runtime of the brute force
algorithm described above, which is optimal here.

If P := P(d) is allowed to grow with d, then enumerating all possible
supports will have superpolynomial runtime. In that case, n = ©4(P log(d))
is information-theoretic optimal?, but only (sequences of) functions that have
generative leap exponent uniformly bounded by a constant will be learnable
in polynomial time. We will discuss simple examples with P := P(d), but
otherwise, we will keep P (and f,) fixed.

For convenience, we will denote vy = Unif({#1}9).

1.3 Hardness of training neural networks

We start by presenting the landmark result of Blum and Rivest (1988) [BR8S]
which showed that training even tiny neural networks is NP-complete. Under
the assumption that P # NP, this imply that:

There is no polynomial-time algorithm that (unconditionally) min-
imizes the empirical risk (1.1.6) over neural networks.

To parse this statement, let us recall informally some basic definitions from
computational complexity theory (see, e.g., [AB09] for formal definitions):

Definition 1.3.1 (Informal, complexity theory primer).
e P: (Class of decision problems that can be solved in polynomial time.

o NP: Class of decision problems whose (positive) solutions can be verified
i polynomaal time.

e Polynomial-time reduction: A problem A is as hard as a problem B if
instances of B can be mapped to instances of A in polynomial time. A
polytime algorithm for A would then yield one for B. Conversely, if B
is mot in P (no polytime algorithm solves B), then A is not in P.

4This requires additional assumptions as f, now depends on d.
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: ®

Ld

X1

Figure 1.1: Three-node neural network with input @ = (z1,...,24), two
hidden nodes, and one output node, with the output of each nodes being

©i(z) = sign({w;, z) + b;).

e NP-complete: A problem A in NP is NP-complete if any problem in NP is
reducible to A wn polytime. This means that A is as hard as any problem
wn NP.

e P £ NP: If P NP, no NP-complete problem admits a polynomial-time
algorithm.

Blum and Rivest (1988) considered a 3-neuron neural network f(-,8),
as depicted in Figure 1.1, with two hidden neurons and an output neuron,
and activation function o(z) = sign(z). Given n data points {(y;, ;) }i<n €
{41} x {0,1}4, consider the empirical risk minimization problem

mian(yi — f(xi;0))% (1.3.1)

1=1

If one can solve this minimization problem (within < 4/n of the true mini-
mizer), one can answer the following decision problem:

Q*: Given a set of O(d) examples (y;, x;) with x; € {0,1} and y; € {£1},
does there exist a 3-neuron network that interpolates this data, 1.e., that
achieves 0 training error?
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Theorem 1.3.2 ([BR88]). Training 3-neuron networks is NP-complete.

This result implies that if P # NP, no algorithm can minimize the empirical
risk (and solve Q*) in poly(d) runtime. The proof proceeds by reducing a NP-
complete problem to Q*, thus making Q* NP-complete. Specifically, Blum
and Rivest considered the Set-Splitting problem.

Problem 1.3.3 (Set-Splitting). Given a finite set S and a collection of sub-
sets {C;|C; C S}, does there exist a partition S1,Se C S with S1N Sy =0 and
S1USy =8, such that C; € S1 and C; € Sy for all i?

Theorem 1.3.4 (Lovasz [GJ02]). Set-Splitting is NP-complete.

The reduction from Set-Splitting to Q* is quite short and I will outline
it below. I encourage the interested student to check the original proof in
[BR88]. The problem Q* can be decomposed into two cases: given a set of
n = O(d) examples (i, T;)ic[n),

(A) Does there exist an hyperplane separating the data? That is, are there
parameters (w, b) € R¥! such that y; = sign({w, z;) +b) for all i € [n]?

(B) Does there exist two hyperplanes that split R? in four quadrants such
that one quadrant contains all positive (resp. negative) labels and no
negative (resp. positive) labels?

If either happens, one can interpolates the data with a 3-neuron network and
Q* is true. If neither happens, no 3-neuron interpolates the data and Q* is
false. Case (A) corresponds to fitting a linear classifier and can be solved
in polynomial time, e.g., via the perceptron algorithm [Ros58]. Case (B)—
which we call Q*—ifg the hard case. We show below that the Set-Splitting
problem reduces to Q*.

We will use the following mapping from instances of the Set-Splitting
problem to instances of Q*. Given a finite set S = {s1,52,...,5,} and a
collection of subsets C = {C1,C,...,Cp} with C; € S. We convert this
instance into a set of d + 1 data points in dimension d = p + m as follows:

e 1 data point at the origin &y = 0 with label yy = +1.

e p data points, one for each s; € S, with ; = e; (the one-hot vector
where the only non-zero entry is at the i-th index) and y; = +1.
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e m data points, one for each subset C; € C, with
e, =) e,
iECj
that is, (x¢,); = 1 if and only if i € C}, and y¢, = —1.

Note that the last m coordinates are always 0: this padding guarantees
that the number of data points is always O(d).

Example 1.3.5. Consider S = {s1,59,83} and C = (Cy,Cy) with C; =
{51,892} and Cy = {sa,s3}. The above construction maps this instance of
Set-Splitting to 6 data points in d = 5 with

e Label —1 at input vectors:

(1,0,0,0,0),  (0,1,0,0,0),  (0,0,1,0,0).

e Label +1 at input vectors:
(0,0,0,0,0), (1,1,0,0,0), (0,1,1,0,0).

The following proposition shows that Q* is true on this data set if and
only if Set-Splitting is true on (.5,C).

Proposition 1.3.6. This set of data points is separable by a quadrant if and
only if Set-Splitting admits a solution.

Proof. Step 1: Set-Splitting is true implies Q* is true. Assume that
there exist two subsets S;,Ss € S such that S;U Sy = S, S; NSy = 0, and
for all j € [m], C; € Sy and C; € Ss.

Consider the two vectors w; € R j € {1,2} with

{—1 if 5; € 5,
wji =

d otherwise.

Let P, and P be the two halfspaces given by P; = {(w;,x) + 1/2 > 0},
j € {0,1}. It is straightforward to verify that

p

+1 ifx=xy=0,

+1 ifx =x; =e; with s; € 5,
—1 ifx=x; =e; with s; € 5},
| +1 if x =x¢ with C € C.

sign((w;, ) + 1/2) = <
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Thus the quadrant obtained by intersecting P, and P, contains all the points
with label +1 and none of the the points with label —1.

Step 2: Q* is true implies Set-Splitting is true. Assume there exist
two halfspaces P; and P, such that their intersection separates the data. Let
St be the set of points with label —1 that are separated from 0 by P;. Let
Sy be the set of points with label —1 not in S that are separated from 0 by
P,. By construction, S; NSy = (). Furthermore, S; U Sy = S as each = = e;
(associated to s;) has label —1 and is separated by either P, or P, from the
origin (yo, o) = (+1,0).

It remains to show that C; € S; and C; € Sy for all C; € C. Let
C; = {sj,,...,s;,} and recall that the points ;,, ..., x;, have label —1, while
the point &¢, = x; + ...+ x;, has label +1. If C; C 51, then P separates
the origin 0 from every x;,, ..., x; and thus, from x, which contradicts the
assumption that all +1 label are on one side of the hyperplane P;. The same
argument show that C;  Ss, which concludes the proof. []

Thus, if an algorithm solves efficiently Q*—and therefore Q*—, then it
solves efficiently the Set-Splitting problem, which proves Theorem 1.3.2.

Blum and Rivest’s result was inspired by earlier work by Judd [Jud&7]
who showed that deciding whether a neural network can correctly predict
two-thirds of the training samples is NP-complete (thus, even approximate
training is hard). However, Judd did not specify which networks are hard
to learn. The result of Blum and Rivest shows that even a simple 3-node
network is already hard to train (exactly). There has been several follow-up
works, including recent results that showed that hardness persists even in low

dimensions (d = 2) or if the linear threshold activation is replaced by a ReLu
[FH23|.

1.4 Proper versus improper learning

Is Blum and Rivest’s hardness result—that no polynomial-time algorithm can
minimize the empirical risk—compelling? Indeed, their result holds under

e Worst-case over training data: The algorithm must solve ERM for
any collection of training samples {(y;, x;)}i<, (at least, restricted to
binary valued data (y,x) € {£1} x {0,1}9).

e Fixed architecture: It is NP-complete to decide whether there exists
a three-node network that perfectly fits the data.
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However, in machine learning, our goal differs in two crucial ways:

1. We are typically concerned with data drawn from an underlying dis-
tribution, and our algorithms only need to succeed on typical datasets,
i.e., with high probability over the training samples. This shifts the
focus from worst-case hardness to average-case hardness.

2. Our objective is not merely to decide whether a fixed architecture can fit
well the training data, but rather to construct a model that generalizes
well to new, unseen data.

In learning theory, the distinction in the second point corresponds to the
difference between proper learning (where the predictor must belong to the
same hypothesis class that generates the data) and improper learning (where
we allow the learner to output models in a much more expressive class). Let’s
informally recall their definitions (see [SSBD14] for details):

Definition 1.4.1 (Informal, proper versus improper learning). For simplic-
ity, consider the realizable setting and an hypothesis class H C {h : X —
{—=1,+1}} (e.g., H is the set of all 3-nodes networks from Figure 1.1). Con-
sider the 0-1 loss € : {1} x {£1} — {0,1} given by {(y,y) = 1]y # y].

(1) (Proper learning.) Given n data points {(y;, ;) bi<n ~iia D, where y; =
h(x;) for some h € H, the algorithm outputs h € H such that

R(h; D) = Plh(z) # h(z)] < e. (1.4.1)

(2) (Improper learning.) The algorithm is allowed to output h & H (e.q.,
from a much broader class of models) such that

R(h; D) = P[h(zx) # h(x)] < e. (1.4.2)

In other words, improper learners are allowed to use a much richer, expres-
sive model class even if the data comes from a simpler class. The following
is a classical result in learning theory:

Hardness of proper learning does not imply hardness of improper
learning.

Below, we provide a standard counterexample: learning Disjunctive Normal
Forms (DNFs).
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Definition 1.4.2 (k-term Disjunctive Normal Form (DNF)). Consider X =
(X1, X, ...) a sequence of boolean variables X; € {0,1}. The class of k-term
Disjunctive Normal Form (DNF) H;pnr is the set of all boolean formulas®

that can be written as .
h(X)=\/ (/\ Lij> , (1.4.3)

where Lij = X, or =X, for some s;; > 1. Here V denotes ‘or’, N\ denotes
‘and’, = denotes ‘not’, and /\;n:1 Lij = Liy N Lig AN -+- N\ L, \/f:1 M, =
My N My N -V M.

Pitt and Valliant (1988) showed that one can reduce the k-NM-Coloring
problem, which is NP-complete (2-NM-Coloring corresponds exactly to the
Set-Splitting Problem 1.3.3), to the k-term DNF problem.

Theorem 1.4.3 ([PV88]). Unless® RP = NP, there is mno polynomial-time
algorithm that properly learns’ k-term DNFs for k > 2.

In contrast, an earlier work by Valiant (1984) showed the following:

Theorem 1.4.4 ([Val84]). There is a polynomial time-algorithm that improp-
erly learns k-term DNFs for any k > 1.

In this case, the algorithm is allowed to output a function form the larger
class of k-Conjunctive Normal Forms (k-CNFs).

Definition 1.4.5 (k-Conjunctive Normal Form (k-CNF)). Consider X =
(X1, Xa,...) a sequence boolean variables X; € {0,1}. The class of k-
Conjunctive Normal Form (CNF) Hi.onr is the set of all boolean formulas

that can be written as .
hX) =\ (\/ LU) , (1.4.4)

where Ly = X, or =X, for some si; > 1.

SHere we take all possible input sizes {0, 1}*. To restrict to a given input size d, we can simply consider
DNF's over at most d boolean variables. Note that h in (1.4.3) depends on at most m; + ...+ my, variables.

SRP is the class of problems that can be solved in polynomial time by a randomized algorithm. We have
P C RP C NP. One can show that hardness of solving the ERM problem is equivalent to hardness of proper
learning, see [SSBD14, Exercise 8.7.4]: if H is properly learnable by a polynomial time algorithm, then the
ERM problem over # is in RP.

"Here, hardness holds in the distribution-free setting where the algorithm is required to succeed for all
input distributions over {0, 1}¢. Later work proved hardness for fixed distributions (e.g., uniform distribution
[Kha93]) for polynomial-sized DNFs, under a cryptographic hardness assumption. See next section.
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Lemma 1.4.6. Fvery k-term DNF' can be written as a k-CNF.

This lemma follows from the following identity:

M{N MyV -V M, = /\ (L1, V Log, V-V Ly, ).

s1€[m1],e..,SEE[mu]

where M; = Lijy A Lig A --+ A\ L;,,. We leave the proof of this identity as an
exercise.

Lemma 1.4.7. There exists a polynomial-time algorithm that properly learns
k-CNFs.

Using that k-term DNF's are contained in k-CNF's, this lemma directly
implies that k-term DNFs are improperly learnable (Theorem 1.4.4).

Proof. Consider %,E:C_Z)CNF the set of all k-CNFs over d variables. We construct
an algorithm that always outputs a k-CNF that perfectly fits the n training
data points. Denote (xy,...,®,,) the subset of the data that are positively
labeled. We construct a sequence a k-CNF's as follows:

e Start with i the conjunction of all possible k-sized clauses M; = Lj; V
LjoV...VLji over the d variables. There are (2kd) of them. In particular,
ho(z) = 0 for all € {0,1}? (indeed, for all z, there will be a clause
that is not satisfied).

e For each ¢ < n,, construct h; be removing from h; ; all the clauses
LiyV LjV...VLj, =0, that is, the clauses that do not agree with this
data point. It is straightforward to check that

1 itxe{x,...,x;},
hz(m): . {1 d } .
0 ifxe{0,1}*\{x,..., 2}

e Output the k&-CNF h = hy,. By construction, h,, (x) = 1 if and only
if x € {x1,...,x,, } (the positively labeled data points in the training
dataset). In particular, h,, correctly predicts the labels of all n training
data points.
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This algorithm runs in time O(nd"*) and returns a model with zero training

error. Let’s bound the test error of h using a standard uniform convergence
bound. Consider h, the true target k-CNF"

R(i; D) = P(i(x) £ h.(x))
= B(h(z) # b)) = 3 1lhw) # ()

. > 1) # h(xi)] — P(h(z) # h(z))|.

n <
=1

< sup
d
hEHI(c-%?NF

where we used in the second line that the train error is zero. By union bound
and Hoeffding’s inequality,

< sup Z 1[h(x;) # h(x:)] — P(h(x) # h(z))| > t)
hEHl(cd)CNF i=1
<2 )Hk_CNF exp {—2nt2} < exp {(Qd)k — 2nt2} ,

where we used that log, ‘H,id)CNF‘ < (2,;1). We conclude that, given n samples

from any k-CNF and input distribution, the above algorithm runs in time
O(nd*) and outputs a model h such that

R(/Az, D) <e, with probability at least 1 — ¢,

as soon as n > 55 { (2d)* + log(1/6) }. Hence, k-CNF's are properly learnable
in polynomial time. ]

Summary: The example of k-term DNFs illustrates an important lesson:
hardness results for proper learning should be interpreted with caution. In
many cases, efficient learning is still possible by moving to a richer hypothesis
class and allowing for improper learning. That is, rather than requiring the
learned model to belong to the same class as the true function, we permit it
to belong to a larger, more expressive class—one that is easier to learn from
a computational standpoint.

This aligns closely with modern deep learning practice: we train highly-
overparametrized neural networks—that is, models that are far more expres-
sive than necessary to fit the training data—, and this overparametrization
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appears to dramatically simplify the ERM problem, to the point that simple
gradient algorithms can reliably find global minimizers. This phenomenon is

sometimes referred to as tractability via overparametrization, and we refer to
[BMR21] for a discussion.

Remark 1.4.8 (Computation-Statistical trade-off). While enlarging the func-
tion class can make computation easier, it comes with a trade-off: general-
1zation becomes more challenging as richer hypothesis classes require more
samples to learn. For instance, as seen in the proof of Lemma 1.4.7, the
sample size n scales with® log(|H|). Thus

There is a fundamental computational-statistical trade-off between
proper versus improper learning.

1.5 Hardness of improper learning

If hardness of proper learning can be circumvented through improper learn-
ing, can we directly show hardness for improper learning? In particular,
given the topic of these lectures, can we show hardness of improper learn-
ing of neural networks? There exist a number of such results under various
assumptions.

In this section, we focus on an influential result by Klivans and Sherstov
(2006) [KS09], which we use to illustrate the typical approach for establishing
hardness of improper learning. Klivans and Sherstov showed that, under a
certain cryptographic assumption, no polynomial-time algorithm can improp-
erly learn 2-hidden layer neural networks with d® neurons?, for any ¢ > 0.

Remark 1.5.1. What do we mean by a cryptographic assumption? In cryp-
tography, the goal is to design protocols that keep information secure, even
in the presence of partial access to that information. It is currently unknown
whether any widely-used cryptographic protocol can be proven secure under
general complexity-theoretic assumptions such as P # NP. Thus, modern cryp-
tographic systems are often based on more specific assumptions—rtypically, the
conjectured hardness of well-studied computational problems. The credibility
of such assumptions grows with the widespread use of the cryptographic pro-
tocols that rely on them.

8In the case of k-term DNFs versus k-term CNFs, the sample complexity jumps from ©(kd) to ©(d¥).

9This result was later strengthened by [DLSS14], who showed hardness for learning networks with merely
w4(1) neurons, under a different (average-case) hardness assumption.
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In the case of Klivans and Sherstov, the hardness result is based on the
assumed intractability of the Shortest Vector Problem (SVP) in lattices, a
central problem in lattice-based cryptography. This assumption has been
extensively studied and underpins many post-quantum cryptographic proto-
cols.

Problem 1.5.2 (Shortest Vector Problem (SVP)). Consider a lattice in n
dimenstons generated by n basis vectors vy, ...,v, € R":

L, = {alvl + asvo + ...+ ayv, :a, a9, ..., a4, € Z}. (1.5.1)

In the f(n)-SVP problem, the goal is to approximate the length of the shortest
nonzero vector in L, within a factor f(n).

Assuming hardness of the SVP problem, Klivans and Sherstov proved that
no polynomial-time algorithm improperly learns the class of intersection of
halfspaces:

Definition 1.5.3 (Intersection of k halfspaces). Let the input space be the
discrete hypercube X = {+1}%. A function h : {£1}* — {0,1} is called an
intersection of k halfspaces if there exist k weights w; € {1} such that

() = | [ 1[{w;, ) > 0]. (1.5.2)

j=1
We denote H,(j_)hlf the set of all intersections of k halfspaces.

Theorem 1.5.4 ([KS09]). Assuming d*>-SVP is hard, then for every e > 0,
the hypothesis class H,(c@hlf cannot be learned efficiently, even improperly.

The function h(x) in (1.5.2) can be written as a 2-hidden layer neural net-
work with ReLu activation, and 2k neurons on the first layer and 1 output
neuron. For each halfspace with vector w;, we add on layer 1 two neurons
((w;,x))+ and ((w;,x) — 1)4 (where (z); = xl[x > 0] is the ReLu activa-
tion), so that

1 if (wj,x) > 0;

0 otherwise.

((wj,z))+ — ((wj, ) — 1)y = {
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Then the output neuron on layer 2 computes

(Z[(<wjaw>)+_(<wj733>—1)+]+1—k:> {1 if h()

9

1
0.

0 if h(x)

J=1

Thus, Theorem 1.5.4 implies that the class of two-hidden-layer neural net-
works with d°-neurons cannot be learned efficiently, even improperly. Note
that such networks can be learned statistically efficiently: if one could find
a global minimizer of the ERM problem (1.1.6) over the class of neural net-
works with d®-neurons (and poly(d) bound on the norm of the weights), then
standard generalization bounds (e.g., see [BF'T17]) show that one can achieve
small test error with n = poly(d) samples.

However, Theorem 1.5.4 implies a much stronger result than hardness of
ERM over d¢-sized neural networks (which is already implied by Theorem
1.3.2): it rules out any polynomial-time learner, even one that uses a larger,
more expressive hypothesis class than the ground-truth network. That is,
even if we use a much larger, overparameterized neural network—so that the
ERM problem becomes amenable to gradient-based methods—the learned
model will still fail to generalize. Overparametrization does not help to learn
a good predictor in this setting (we need more assumptions)!

Proof sketch (Theorem 1.5.4). We outline the high-level strategy for estab-
lishing hardness of improper learning under cryptographic hardness assump-
tions. Consider a public-key encryption scheme. Such a system involves two
functions: a public encryption function encr and a private decryption func-
tion decr. Given a message m € {0,1}?, the public key is used to generate
an encrypted version x = encr(m) € {0,1}%. Then the encrypted message is
decrypted using the private key decr(x) = m. Encryption is computationally
efficient using the public key encr. On the other hand, decryption should
be easy only with access to the private key. In other words, it should be
computationally hard to recover m from x without the private key decr.

Now suppose that the decryption function decr belongs to a hypothesis
class H. If this class could be learned efficiently (even improperly), then an
adversary could generate a training set of input-output pairs:

x = encr(m), y = m = decr(x).

(Recall that the encryption function encr is public and can be computed
efficiently.) We can then use a learning algorithm to learn a model that
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predicts decr(x) better than random on new encrypted messages. This would
break the cryptosystem, contradicting the assumed hardness of decryption.

Klivans and Sherstov apply this strategy to Regev’s cryptosystem—a
public-key encryption scheme whose security relies on the assumed hard-
ness of SVP. The decryption function in Regev’s scheme can be expressed as
the intersection of d® halfspaces. Therefore, learning these functions would
break Regev’s cryptosystem. This implies that learning intersection of half-
spaces, even improperly, is computationally hard under the SVP hardness
assumption. ]

Summary. How compelling is Theorem 1.5.47 Compared to the hardness
result in Section 1.3, which concerned proper learning, Theorem 1.5.4 is
much stronger: it establishes hardness for improper learning and rules out
any polynomial-time learning algorithms (under a cryptographic hardness
assumption). However, the result has an important limitation: it is a worst-
case hardness result over input distributions. That is, it shows that there
exists an input distribution for which improper learning is computationally
hard—Dbut this distribution is not necessarily natural and may not resemble
real-world data. In fact, from the proof, we see that the hard distribution is
constructed by encrypting messages, which is not very natural!

Does the hardness of improperly learning intersections of halfspaces per-
sist under natural input distributions? Vempala [Vem97] showed that inter-
sections of k£ halfspaces are learnable under standard Gaussian input o ~
N(0,1;), with both statistical and computational complexity bounded by
poly(d, k) + KO®)  In particular, this result implies that the problem remains
tractable when the number of halfspaces satisfies k = Oy4(logd/loglogd).
On the other hand Daniely et al. [DLSS14] showed that the problem is
distribution-free hard as soon as k = wy(1).

In recent decades, there have been many hardness results on improper
learning in both distribution-free and distribution-specific settings. For ex-
ample, a recent result by Li et al. [LZZ24] establishes the hardness of improper
learning for one-hidden-layer neural networks with w(y/dlog d) neurons and
Gaussian input distribution, under hardness assumption for the Continuous
Learning with Errors (CLWE) problem. We refer the reader to [DV21, LLZ724]
and the references therein for an overview of recent developments.
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1.6 Restricted models of computation

In this first chapter, we gave a brief introduction to the classical approach for
establishing hardness results based on reductions from well-known problems
that are conjectured to be computationally intractable (based on P # NP
or cryptographic hardness assumption). These reductions allow us to de-
rive lower bounds under broadly accepted complexity-theoretic assumptions,
lending theoretical weight to the intractability of the learning tasks.

However, this general reduction-based approach has several limitations:
1) Reductions are often non-robust and technically delicate, making them
hard to extend to many interesting settings; 2) The resulting results are
usually qualitative (e.g., showing that a problem is NP-hard) rather than
quantitative; 3) They provide only limited insights on why algorithms used
in practice succeed or fail on natural problems.

An alternative line of research has emerged over the past few decades:
proving computational lower bounds against restricted models of computation—
that is, against specific families of algorithms. While these approaches fall
short of ruling out all polynomial-time algorithms (which would anyway re-
quire resolving P ## NP), they can exclude large and popular classes of algo-
rithms. In some cases, these restricted models are even conjectured to capture
the limits of all efficient algorithms for large classes of problems. Importantly,
these restricted-model approaches are often much easier to implement, apply
broadly to many settings, and yield sharper lower bounds.

In the remainder of these lectures, we will study four important families of
algorithms (or model of computation). For each, we will present techniques
to establish lower bounds and discuss their implications:

Chapter 2: Kernel methods. Kernel methods represent one of the sim-
plest class of learning algorithms. Despite their simplicity, they remain
foundational to machine learning and are still some of the most widely
used methods in practice. From a theoretical perspective, kernel meth-
ods have seen a resurgence of interest due to the recent observation that
neural networks trained in the so-called lazy regime behave as kernel
methods. For an overview of this connection, see [BMR21, MM24].

Understanding the limitations of fixed feature, kernel methods will help
clarify the advantages of more complex learning models, such as neural
networks trained in the non-linear, ‘feature learning’ regime.

Chapter 3: Noisy gradient descent. This chapter studies a simplified proxy
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for stochastic gradient descent (SGD), in which the algorithm performs
population gradient descent with added Gaussian noise. Though this
is not an actual implementation of SGD, it captures many key features
of its dynamics and has been shown to provide accurate predictions in
several settings. As SGD and its variants are the dominant algorithms
in deep learning, understanding their limitations is of central interest.
We will show how to prove lower bounds on noisy population gradient

descent using a ‘junk flow’” argument developed by Abbe and Sandon
[AS20].

Chapter 4: Statistical Query algorithms. Introduced by Kearns in the
1990s, the SQ model abstracts algorithms that access the data only
through statistical expectations (e.g., empirical means), rather than
individual examples. Many robust, noise-tolerant algorithms fall within
the SQ framework. Lower bounds in this model imply hardness for a
broad range of practical algorithms and have played a central role in
understanding the limits of learning in high-noise or agnostic settings.

Chapter 5: Low-Degree Polynomial algorithms. This model captures
algorithms whose outputs can be expressed as low-degree polynomi-
als of the input data. It has been particularly influential in studying
average-case complexity of high-dimensional inference problems. The
“low-degree method” is conjectured to characterize the power of all
efficient algorithms in a wide range of problems, including planted sub-
graph problems and planted random matrices or tensor problems. We
will show how to derive sharp lower bounds for learning Gaussian single-
index models within this framework.



30

CHAPTER 1. INTRODUCTION



Chapter 2

Kernel methods

In this chapter, we study kernel methods, also known as kernel machines or
RKHS methods. These algorithms form a rich yet tractable class of learning
methods that construct expressive, non-linear predictors—often in infinite-
dimensional spaces—while maintaining computational efficiency thanks to
the celebrated kernel trick.

Formally, kernel methods arise from a specific choice of models and reg-
ularization in the ERM problem (1.1.6). The idea is to first map the input
data & € R? into a rich, higher-dimensional feature space via a feature map
®(x) € RP (possibly with p = o0), and then fit a linear predictor of the
form f(x;0) = (0,P(x)) subject to a RKHS-norm regularization penalty
(here, r(8) = X||@]]3). Although the model is linear in the parameters , it is
non-linear in the input data a, which generalizes standard linear regression
®(x) = . Intuitively, this embedding can transform non-linearly separable
data into a space where linear classification becomes possible.

We begin our exploration of restricted algorithmic classes with kernel
methods because of their foundational role. Despite their apparent simplicity,
they remain one of the most versatile and widely used method in statistics and
machine learning. Moreover, they are connected to modern deep learning: in
a certain optimization regime—the so-called lazy or linearized regime [JGH18,
COB19]—neural networks behave like kernel machines. We will present a
simple, general dimension lower bound on learning with kernel methods in
the regression setting (with squared test loss).

31
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2.1 Feature space and RKHS

Consider a general input space X. Below, we construct the classes F of
models f: X — R associated to kernel methods.

There are several equivalent ways to define this function space; here, we
adopt a particularly intuitive one: we define it through a featurization map
and an associated Hilbert feature space, and interpret our model class as the
set of all linear functionals on this space.

Definition 2.1.1 (Feature space, featurization map, and linear models).

(1) (Feature space.) A feature space is a Hilbert space (%, (-, )#) with
inner product (-, )z and associated norm ||o||z = (¢, qb}};.

(2) (Featurization map.) A featurization map is a function ® : X — .F
that embeds the input data x € X into the feature space ®(x) € F.

(3) (Linear model class.) Given (%, ®), the associated class of models is
the set of all linear functionals with respect to this embedding

F={z f(x;0)=(0,0(x))7:0c .7} (2.1.1)

This defines a function space F consisting of functions f : X — R that are
linear in the feature space. The inner product and norm on F are inherited
from the feature space % via:

(f(50),f(500))r=(0.007,  [f(0)lr=16]5. (2.1.2)

This identification endows F with a Hilbert space structure, assuming the
map 60 — f(-;0) is injective.

Remark 2.1.2. In general, multiple parameter vectors 6,0' € .F may define
the same function: that is, f(-;0) = f(-;0") as functions on X, even if @ # 6'.
To define a proper Hilbert space structure on F, we must quotient out this
ambiguity. That is, we define an equivalence relation on % by 0 ~ 0 if
f(x;0) = f(x;0) for all x € X, and set
F = F [ker(®)

where ker(®) = {0 € F : (0,D(x))z =0 Vo € X'} is the linear subspace of
parameter vectors that correspond to the zero function. The inner product
on F is well-defined. The map from F to F is now injective and induces a
valid Hilbert space structure (Prove it!).
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We next present three examples of feature space, featurization map, and
associated linear model classes.

Example 2.1.3 (Standard linear regression). Let X = R?. We define the
feature space F = R? equipped with the standard Fuclidean inner product:

(u,v) = uvy + ... + ugug.

We take the identity map as the feature map: ®(x) = . Then, the class of
linear models associated to (F,®) becomes:

F = {f(m;g):w,w}:HERd},

which corresponds to standard linear regression. The associated function
norm is simply || (- 0) > = 0]l

Example 2.1.4 (Polynomial regression model). For simplicity, let X = R.
Choose the feature space F = R¥ with the standard Euclidean inner prod-
uct. Define the feature map

() = (1,z,2%,...,2").

Then the linear model class associated to (F,®) consists of all univariate
polynomials of degree at most k:

f(x; 0) =01 + 02 + 93%2 + ...+ 0k+1$k.
As before, the function norm is given by || f(-;0)||x = [|0||2-

Example 2.1.5 (Infinite-width two-layer neural networks). Let (€2, 1) be a
probability space and define the feature space as the Hilbert space of square-
integrable functions:

F =L, p) = {a Q=R a3, = / a(w)?pu(dw) < oo} :
Q
with inner product
(@.0 = [ awb(w)u(dw)
Q

Let ¢ : X x Q — R be a mapping such that o(x;-) € L*(Q, i) for all © €

X. For example, p(x;w) = o({x,w)), where o is a non-linear activation
function (e.g., ReLU). Define the featurization map ® : X — L*(Q2, i) to be

O(z) = p(x;-), O(z)(w) = p(z;w).
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Then the model class is:
F={z s flei0) = 0@ = [ atw)ple o) o P |,

with norm || f(+;a)||F = ||al|z2. This corresponds to the class of infinite-width
two-layer neural network where the second layer weights have bounded L?
norm with respect to the distribution u of the first layer weights w'.

The function space (F, (-, -)r) introduced in Equation (2.1.1) has an im-
portant structure: it is a Reproducing Kernel Hilbert Space (RKHS). While we
initially defined this function space via a feature map into a Hilbert space,
RKHS theory provides an alternative—but equivalent—construction via a
kernel that does not require explicitly defining the feature map. This kernel-
based viewpoint will be important in the next section, and we briefly intro-
duce it here. For a comprehensive treatment, see [BTA11].

Definition 2.1.6 (Reproducing Kernel Hilbert space (RKHS)). A Hilbert
space (J€, (-, )n) consisting of real-valued functions f : X — R is a Re-
producing Kernel Hilbert space (RKHS) if there exists a reproducing kernel
K : X x X — R, that is, a symmetric, positive semi-definite (PSD) kernel’
such that K(x,-) € 5 for allx € X and

(f.K(z, )0 = f(x), VxeX, Vfe . (2.1.3)

Every RKHS defines a unique reproducing kernel, and conversely, the
Moore—Aronszajn theorem [Aro50] states that any symmetric, positive defi-
nite kernel defines a unique RKHS.

The function space F = {f(-;0)
inner product by .# (see Remark 2.1.
kernel is

= (0,9(-))z : 0 € F#} with induced
2) is mdeed an RKHS. Its reproducing

K(z,z') = (®(x), ®(x)) 7, (2.1.4)

which is clearly symmetric and PSD, and satisfies the reproducing prop-
erty (2.1.3). The kernels associated with the above three examples are:

K(x,x') = (x, '), (Example 2.1.3)

!This will have important consequences on learning: many natural functions—with low-dimensional
structure—will not lie in F and will not be learned efficiently by kernel methods. See [Bacl7, CMM21].
2A kernel K : X x X — R is PSD if for all integer n € N, points «1,...,x, € X and scalars ay,...,a, € R,

E a;a; K (x;,x;) > 0.

3,7=1
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k
K(z,2')=1+ Z(xx’)s, (Example 2.1.4)
K(xz,x') = /Qgp(:v;w)gp(:c’;w)u(dw). (Example 2.1.5)

Feature Maps vs. Kernels. The feature map and kernel perspectives are
mathematically equivalent ways of defining the same function space. Given
any RKHS (2, (-, ) ») with reproducing kernel K, one can always choose
the feature space to be the RKHS itself .# = 7 and define the canonical
feature map:

¢ X — 7, d(x) = K(x,-).

This construction satisfies:

f@) = (f, K(z, ) = ([, ®(0))7,

by the reproducing property (2.1.3). Note that a given RKHS admits in-
finitely many equivalent featurizations (%, ®) yielding the same kernel?®,

Why work with kernels? The construction via feature map provides a
concrete, geometric intuition for kernel methods: they correspond to linear
models in an (often infinite-dimensional) Hilbert space of features, where in-
ner products and norms are naturally inherited from the underlying feature
space. However, in practice, we often prefer the definition through kernels:
the kernel K (x, ') can be defined and evaluated directly using simple for-
mulas, while the featurization map ®(x) is often infinite dimensional and not
explicitly computable. For example, the Radial Basis Function (RBF) kernel,

|2
K(az,az’) — exp (_Hw £ HQ) ’

202

is straightforward to compute, but the corresponding feature map lives in an
infinite-dimensional space and is difficult to construct explicitly.

Moreover, as we see in the next section, all computations in kernel meth-
ods, such during training or prediction, can be expressed purely in terms of
the kernel thanks to the so-called kernel trick.

3While all such maps are equivalent in terms of learning, some featurization might provide better finite-
dimensional approximations, e.g., such as random features [BBV06, RRO7].
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Kernel diagonalization. Before turning back to kernel methods, let us
introduce one last characterization of the RKHS—through the eigendecom-
position of the kernel. This gives a more transparent definition of RKHS as
subsets of L?(Py), and plays a crucial role in the generalization performance
of kernel methods. Given a kernel function K such that E,[K(x,x)] < oo,
we can define the associated ‘integral’ operator K : L?(Py) — L*(Py) as

(Kf)(x) = / K(z,z')f(x")Py(dx'). (2.1.5)
X
Note that K is a compact, self-adjoint linear operator on L?*(PPy) with

Tr(K) =E, [|K(z,)|%] = Ez[K (2, )] < co.

We say that the operator K is ‘trace-class’ when it has bounded trace.
By the spectral theorem for compact self-adjoint linear operators, the
integral operator admits the following diagonalization:

K= 3" A, 2.16)
Jj=>1
where A\; > Xy > --- are the (positive) eigenvalues in non-increasing order,

and {1;},>1 is the set of orthonormal eigenfunctions. That is,

Kyj = Ay, (¥, ¥ = G50

Denote V = span{¢; : j > 1} the subspace of L*(Py) spanned by these
eigenfunctions. In particular, V = L?*(Py) if and only if {¢;};>1 forms a
complete basis of L?(Py).

In fact, the image of the operator is exactly Im(K) = 7 the RKHS
with reproducing kernel K: you can check that indeed (Kf, K(x,-)).r =
Kf(x) by definition. In particular, consider f € V and its expansion in the
eigenfunction basis:

F=Y By Bi=(fidpe,  with [[f7 =) 5} <oe.
J=1 J=1

Then, the RKHS norm of f is given by

00 2

1£15 = D55
j=1 "
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Thus, the RKHS 7 is simply the subset of all functions in V with || f||,» < oo,
that is,

= {fGV 1B = D ATt < OO} (2.1.7)

j>1

The RKHS # is a dense subset of V—and of L*(Py) if {¢;};>1 forms a
complete basis. In this case, we can approximate any f € L*(Py) by a
sequence of functions in ##: the RKHS model class satisfies a ‘universal
approximation’ property. But as we will see, it is not always statistically
efficient.

Finally, we can use the above characterization (2.1.7) to define another
canonical feature map. Let the feature space .# be ({a, (-,-)s,) the Hilbert
space of square summable sequences, with

oo

<CL, b>52 = Z Cijj.

j=1

Then we can define the featurization map as ®(x) = {\/Aj1;}32;. Thus, the
set of linear models is simply (equality in L?)

f(x) =(0,®(x))s, = Z@'\/Tj%(w), 10117, = 295 < 00.

We can see K acting on V as acting on the £; space, with K(a;)52; = (X\ja;)72;.

2.2 Kernel methods and the kernel trick

A kernel method is simply the solution to the Empirical Risk Minimization
problem (1.1.6) over a Reproducing Kernel Hilbert Space (7, (-, -) ), with
a regularization penalty proportional to the RKHS norm. That is, given
training data (y;, ;) € R x X, i =1,...,n, the learned predictor f solves

N 1 n
f= argmin{E;E(yi,f(mi))nL)\f|?%} . (2.2.1)

fest
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Equivalently, if the RKHS 7 is defined via an embedding (%, ®), then the
solution of the ERM problem is given by f = (0, ®(-)) # with

6 = argmin {% Zﬁ(yi, (0,0(x;))7) + )\0|igz} : (2.2.2)

0c.F

This formulation appears computationally intractable: it is an optimiza-
tion problem over an infinite-dimensional space. So is the method practical?
Can it be implemented efficiently? Surprisingly, yes—and this is due to
the following celebrated representer theorem, which shows that the solution
always lies in a finite-dimensional subspace of %, namely the span of the
embedded training data.

Theorem 2.2.1 (Representer theorem). Let ¢ be any loss function (e.g., not

~

necessarily convex). Then the solution 6 of the ERM problem (2.2.2) satisfies
0 € span{®(xy), ..., D(x,)}. (2.2.3)

In other words, there exist coefficients aq,...a, € R such that

n

0=> a;d(z). (2.2.4)

1=1

Proof. The proof is simple and relies only on the Hilbert space structure of
. Let V| = span{®(zx;) : ¢ € [n]}, and let V| be its orthogonal complement
in .%, so that

F = V|| e V..

Then any 6 € .# can be decomposed uniquely as 8 = 6 + 6, with 8 € V]
and 6, € V. Because ®(x;) € V|, we have

(0,0(x:)) 7 = (0], 2(x:)) 7 + (0L, P(xi)) 7 = (0, P(x:)) 7.

Thus, 6, has no effect on the loss, but it contributes positively to the regu-
larization term ||0||% = ||60;||% + ||6]|%. Hence, the optimal solution

~

1
0 = arg min {5 D Uy, (B, B(xi).7) + All6y]|% + Al&l%}
=1

must satisfy 8, =0, i.e., 0ecV,. O
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Using the representer theorem, we can now reduce the infinite-dimensional
optimization problem (2.2.2) to a finite-dimensional one over the coefficients

a=(a,...,a,) € R", where 8 =>""  a;®(x;). Define:
ku(x) = (K(x,:))icn) ER", K, = (K(xi,x)))ijem) € R™,

where K(z,x') = (®(x), (') # is the reproducing kernel. Then we can
rewrite:

(®(x),0) 7 = ZaiK(w,azZ-) =a'k,(x),

1611% = Z a;a; K (z;,z;) = a' K,a.
ij=1
Substituting into the ERM objective, we obtain a finite-dimensional opti-
mization problem:

a = arg min Z€ Ui, @ z;)) + \a"'K,a (2.2.5)
acR”
In particular, if £ is convex in its second argument, this is an n-dimensional
convex optimization problem and can be solved efficiently! Once we have
computed a, the predictor is given by

flx) = Zaz x,x;) =a k,(z). (2.2.6)

Thus to train kernel methods and make predictions on new data, we never
need to compute the feature map ®(x) directly, only the inner products
K(z,x2') = (P(x),P(x’))#. This observation is known as the kernel trick:
it allows to construct expressive, non-linear classifiers in infinite-dimensional
feature space without ever having to explicitly represent the features. This
is the reason kernel methods became so popular!

For concreteness, we present two popular examples of kernel methods
below.

Example 2.2.2 (Kernel Ridge Regression (KRR)). Let the loss function be
the squared loss €(y,9) = (y — §)®. Then kernel ridge regression (KRR)
corresponds to solving the ERM problem

R 1 <&
f = argmin {52 (i — fl@) + Anf@f} .

fext i=1
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By the representer problem, the solution admits an explicit formula f =
a'k,(-) where

a= rgmln{—Hy K,al?+ 'K, a} = (K, +n)\) 'y

acR”

where y = (y1, ..., yn) € R", so that f = yT(K,+n)\) "'k, (-). Thanks to this
analytical expression, one can derive very precise theory on the performance
of KRR, see for example [CDV07, DW18, MMZ24, MS2j].

Example 2.2.3 (Support Vector Machines (SVM)). SVMs are designed for
binary classification. Suppose y; € {—1,4+1} and let the loss function be
the hinge loss ((y,y) = max(0,1 — yy). The SVM classifier minimizes the
reqularized empirical risk

. 1 <&
= inq — 0,1 —y;f( A% ¢
f = argmin {n > max (0.1 - uf ) + f%ﬂ}
and we predict new labels via the sign § = sign(f(x)).

It 1s standard to solve SVMs via their dual formulation. By the representer

theorem, we can write the dual variables o € R™ which satisfy

max oz@—— E ooy K (x4, ),
=1 zy 1

1 n
subject to 0 < q; < CTSY Vi, and Zaiyi = 0.

The predictor is given by f(w) =" oy K(x,x;). Most of the coefficients
a; are zero—only the support vectors (i.e., data points close to the decision
boundary) have non-zero weights.

2.3 Dimension lower bounds

In this section, we present a simple and general lower bound on the perfor-
mance of kernel methods. As we saw in the previous section, kernel methods
trained on n data points involve solving an n-dimensional convex problem,
and the computational complexity of these methods is closely tied to the
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number of training samples. Thus, our result will be a lower bound directly
on the statistical complexity of kernel methods.

For concreteness, we focus on the regression setting and quantify perfor-
mance using the test error under squared loss. Our lower bound will apply
to any predictor obtained by a kernel method, regardless of the choice of
RKHS, training loss ¢, or regularization parameter A > 0 in the ERM prob-
lem (2.2.1). For related results in the classification setting (where the test
loss is a classification loss), we refer the reader to [KMS20].

The argument relies on a geometric observation: kernel methods construct
predictors from a fixed, finite-dimensional subspace—one that depends only
on the input data, and not on the target function. Therefore, their ability
to approximate a class of target functions is fundamentally limited by the
expressive power of that subspace. Our lower bound will be the consequence
of a general dimension lower bound that states that any linear subspace of
functions that aims to approximate a collection of functions H must have
dimension at least proportional to some complexity measure of H.

Such dimension lower bounds have appeared in various forms in the liter-
ature and have recently gained renewed attention in the context of learning
theory [KMS20, DM20, HSSVG21, AZL20, AAM22|. Below we follow the pre-
sentation and proof by Hsu [Hsu21], which is largely based on a lower bound
on the Kolmogorov n-width of certain function classes by Barron [Bar93].

Theorem 2.3.1 ([Hsu2l, AAM22]). Let R be a Hilbert space with inner-
product (-, Yr, and H = {hy,...,hy} C R be a set of N elements in R with
|hillr = 1,¥i € [N]. Let T C R be a finite-dimensional linear subspace of
R, with dimension m. Define the average squared approximation error:

N
1
= — inf || f — hi|%.
e N;}er“f hill%
Then
m > (1_5)7
|G lop

where G = (Gyj)ijev) = ((hiy hj)r)ijern) € RN is the Gram matriz of H.

Proof. Let ¢1,¢2, ..., ¢m be an orthonormal basis of T (with (¢;, ¢;)r = d;j)
and let II7 be the orthonal projection onto 7 in (R, (-, -)). We can write for

every h € R:
Mrh =Y 6;(¢, h)x.

j=1
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By definition,

N

1 2
€= I Z}Q;Hf h; HR = — [[7hill%

=l

(2.3.1)

N m
2D (0
=1 j5=1

where we used that ||h;||r = 1 in the second equality. For any f € R, we

have
N N
> (fhi)g = <f,§jfh Rh>
=1 R

i=1 =

N 1/2

< [ fll= (Z(ﬁ hi)r(f, hj>R<hiahj>R>

ij=1
= | /lI=(6"GD)" < || flIz]|Gllc[[Bll2:

where we introduced the vector b := ((f, h;));_,. Note that ||b]|3 corresponds

exactly to the left hand-side of the above inequality. Squaring both sides and
dividing by ||b||3, we obtain

N

> (i < I FIRIGlop-

1=1

Using this upper bound in Equation (2.3.1), we deduce that

m N
1 m
1_5:NZZ ), hi NHGHOP-
j=1 =1
Rearranging the terms yields the desired bound. ]

Theorem 2.3.1 gives a general lower bound on function approximation
in Hilbert spaces. Given a function class H = {hy,...,hy} of unit-norm
elements in a Hilbert space (R, (-, -)r), we wish to approximate each function
h; using a model f € T, where T is a finite-dimensional linear subspace of
R. For each h; € H, the best possible approximation error in squared norm
is given by

£ h;
}gTHf 1%
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Then, Theorem 2.3.1 states that in order to achieve £ average squared ap-
proximation error over the class H, the subspace 7 must have dimension at
least

dim(7) > HGHOp(l —€).

If the functions {h;} are orthonormal, such that ||G||op = ||In]lop = 1, the
bound becomes

dim(T) > (1 — &)[H].

Thus to achieve small approximation error (say, € < 0.1), the subspace must
have dimension nearly equal to the size of the function class.

When the functions h; are not orthogonal, the bound weakens, and is
controlled by the spectral norm of the Gram matrix. A useful simplification
of this bound is given in terms of pairwise correlations:

1 1 1
_ < — _ !
Gy < Gl = max 37 (0 el
heH (2.3.2)
— Sup Eh’NUnif(H)H<h7 h/>R|]

heH

If all functions are nearly orthogonal, then the Gram matrix stays well-
conditioned, and the lower bound remains large. Note that for some function
classes, the average pairwise correlation (2.3.2) does not give a tight lower
bound. In these cases, one should directly consider directly |G||op/N over a
(carefully chosen) subset of H (see Section 2.4.1 and Appendix A.2.1).

We emphasize here that this dimension lower bound is extremely general.
It does not rely on any particular learning problem, statistical assumption, or
specific algorithm. It simply applies to any predictor constrained to lie in a
fixed, finite-dimensional subspace of a Hilbert space. In particular, it applies
beyond supervised learning—for example, to settings involving non-adaptive
membership queries [Hsu21].

Lower bound for kernel methods. Let us now explain how to derive a
lower bound for kernel methods from Theorem 2.3.1. Consider an input space
X with distribution Py € P(X), and n covariate vectors &y, ..., x, € X. Let
R := L*(Py). Consider an RKHS 2# C L?*(Py) with reproducing kernel
K, and denote p = dim(5) € NU {co} its dimension®. By the representer

4E.g., p < d in Example 2.1.3, p < k + 1 in Example 2.1.4, and typically p = oo in Example 2.1.5.
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theorem, any kernel method predictor f when the n data points have input
vectors (a1, ..., x,) lie in the linear subspace

f espan{K(z;,-) ;i€ [n]} = T.
Conditional on the covariate vectors @;, this is a fixed linear subspace with
dim(7) < min(n, p).

Consider a set of target functions H = {hy,...,hy} C L*(Px) and let
f M ... f (M) be the predictors obtained by the kernel method when the la-
bels come from each of these target functions. More precisely, fix arbitrarily
n covariate vectors (x;)icp, C R? and let fU) : X — R be the predictor
constructed by the kernel method when given data (y;, T;)c[n with

yi = hj(x;) + €. (2.3.3)

(Here ¢; are chosen arbitrarily and can be different for different j. Thus, the
labels y; are in fact arbitrary.)
The excess test error (1.1.4) with squared loss and target h; is given by

Roxe(FVshy) = I1F9 = hillze = it I f = sz,

and the average excess test error is given by

N N

1 s 1 .

5 2 M = hlze > 55 D7 int |1 — byl (2.3.4)
j=1

j=1
Theorem 2.3.1 directly implies the following result:

Corollary 2.3.2. For any function space L*(Py), any set of unit-norm target
functions H = {hy,...,hx} C L*(Py), the following holds. For any kernel
method (2.2.1), any n covariate vectors (x;)icn) C R?, any labels (2.3.3), and
any € > 0, if the average excess test error (2.3.4) is less than e, then we must
have

min(n, p) > (2.3.5)

1—¢),
TSR

where p = dim(J) is the dimension of the RKHS and G = (Gyj)ijein) =
((his hj)R)ijerny is the Gram matriz of H.
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Note that this result does not depend on any assumption over the x;’s
other than they are chosen independently of the label: it holds for any
‘non-adaptive’ set of covariate vectors—that is, chosen independently of the
labels—and not only for i.i.d. samples (see discussion in [Hsu21]) .

We further present a straightforward strengthening of this bound from
[AAM22] that will be useful in our examples. Some projections of the target
functions are harder to fit for kernel methods [GMMM21, MMM?22]. Con-
sider some linear subspace Q2 C L?(Py) and the orthogonal decomposition
L*(Py) = Q@ Q+. Denote Py and P = I — Pg the orthogonal projections
onto Q) and O respectively. We can distinguish the error incurred on each
of these two orthogonal subspaces and lower bound the excess test error as

Rexe(f7:hi) = |Pa(f = hi)l7. = inf [|Pa(f — hi) |72

Thus, in Theorem (2.3.1), we can choose R to be the subspace () instead
of L*(Py) and H = {Pqhy,...,Pohy}. If we assume |Poh;||7. = 3 for all
i € [N], then if the average excess test error with squared loss over H is less
than ¢, then we must have

) ( )> N
min(n, p) >
HGQHOP

(8 —¢), (2.3.6)

where G = ((hi, Pahj)®r)ijen-

Neural networks trained in the lazy regime. [Describe neural tan-
gent model and failure of Neural networks trained in the lazy
regime.]

2.4 Examples

We now return to the two hypothesis classes introduced in Section 1.2 in
Chapter 1—namely, Gaussian single-index models (Equation (1.2.1)) and
sparse functions on the hypercube (Equation (1.2.3)). We apply the dimen-
sion lower bound in Corollary 2.3.2 to lower bound the performance of kernel
methods when learning in these settings.
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2.4.1 Gaussian single-index models

Consider the hypothesis class Hécll) of Gaussian single-index models, where
each regression function is of the form

ho(x) == fi({w,x)), with w € S92,

with a fixed univariate link function f, € L*(y1). Since our lower bounds
depend only on the regression functions, we identify each distribution D,, €
Héﬁi) with its corresponding h.,.

We use the notation 74 := N(0,1,) for the d-dimensional standard Gaus-
sian distribution, and 7, := Unif(S?~!) for the uniform measure on the unit
sphere.

Function space over Gaussian data. We first recall the orthogonal de-
composition of L?*(y4) in terms of multivariate Hermite polynomials.

Let {Hey}1>0 denote the (probabilists’) Hermite polynomials, forming an
orthogonal basis of L?(v;), with Hey of degree k and

EGN% [Hek(G)HeS(G)] = ]{'5;{:5 (2.4.1)
For a multi-index k = (ki,...,kq) € Zio, define the multivariate Hermite
polynomial:
d
Hey(z) = | | Hey, (z:). (2.4.2)
i=1

These polynomials form an orthogonal basis of L?(v4) with
Ey,[Hex(x)Hew ()] = k! - dp—p, where k! := kilky!--- kgl

We define
Qqr = span {Hey, : | k|1 = k}

as the subspace of degree-k polynomials in this basis. Its dimension is

d+l~c—1>

Bd,kz = dim(Qd?k) = ( k‘

This leads to the orthogonal decomposition:

LQ(’)/d) = @ Qd,k- (243)
k=0
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Let Pj denote the orthogonal projection onto €. We will further introduce
P~i the projection onto the subspace of polynomials of degree at most k£ and
P>r =1 —P<;_1. That is, P and P> are the projections onto

k 00
Uik = P Qs and Qi = P Qs
s=0 =

respectively.

We now recall several useful facts about Hermite polynomials. These can
be proved by induction or integration by parts and will be used repeatedly
trhoughout these lectures:

Proposition 2.4.1 (Properties of Hermite polynomials). For integer k > 0:

(i) (Three-term recurrence relation.) We have: Heg(z) = 1, Hey(x) = =,

and
Heyi1(x) = zHeg(z) — kHep_1(x). (2.4.4)

(ii) (Differentiation rule.) We have the identity

%Hek(:v) = kHey_1(x). (2.4.5)

(iii) (Stein’s identity.) For any function g : R — R that is k-times differen-
tiable with suitable decay,

Bo [Hor(€)9(G)] = B 9G], (2.46)
From Proposition 2.4.1.(iii), one obtain (Prove it!):
Lemma 2.4.2. Let k. k' € N and w,w’ € S*'. Then
Ee o, [Her((w, ) Hep ((w', 2))] = kNw, w') 6. (2.4.7)

For any w € S?!, the marginal distribution of the projection is (w, x) ~
v1. Therefore, the target function hy(x) = f.({(w,x)) admits the following
Hermite expansion:

Mg
kz e z)); (2.4.8)
where Mk = EGN’yl [f*(G)Hek(G)]
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This shows that the degree-k projection of hy, is Piphy () = frHep((w, )).
Consequently, the squared L?-norm of the high-degree projection satisfies

© 2
He

o
=k

IP>ehllze = IPorfillf> = (2.4.9)

Average excess test error. Fix a set of n covariate vectors (;);c, C R,
Similarly as in (2.3.3), let f,, denote the predictor output by a kernel method
trained on labels generated by the target function h,,. We are interested in

the average excess test error over the hypothesis class Hécll) with uniform prior
w ~ 7,4, defined as:

Ew-s, [Rexc(fw, Dw)} = Eups, [|| Fuo — hw||3d] . (2.4.10)

A simple lower bound. We begin with a preliminary, simple lower bound
based on average pairwise correlations. For any & € N and any two functions
Pwy N € ”Hgli), the inner product between their projections onto degree > k
Hermite polynomials satisfies:

(hw, P=rhw) 2 = E[P=p fo((w, @)Poyp fi((w', )]

- ﬂ% ¢
- E<w7wl> )
=k

(2.4.11)

where we used the expansion (2.4.8) and Lemma 2.4.2. Hence, using [{w, w')| <
1, we obtain:

(o, Pohr) 2| < [(w, w)[*|[Poifell 2.

Now consider the average pairwise correlation upper bound (2.3.2) on the
operator norm of the Gram matrix:

SUD By [[(haws Poihor) 2] < P2 fill 7B, [|(w, w') "]

weSd—1
Ch
< W\\szf*“%z-

(2.4.12)

Plugging this into the general dimension lower bound (2.3.6) (adapted to the
infinite hypothesis class H), we deduce that for every k € N, if the average
excess test error satisfies

Eumss [ = huolilz] < (1= n)lIPokfell3
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then the number of training points must satisfy:
n > cpd® 2.

The test error when we fit exactly the projection of f, onto degree-(k — 1)
polynomials is ||Ps;fs||%,. Thus, the above bound states that unless n =
Qq(d*/?), kernel methods cannot do better than fitting the best degree-(k—1)
approximation to the target function—that is, P<;_; f,—and none of the
higher-order components.

Tight lower bound. The above lower bound is suboptimal. In fact, the
correct complexity threshold is n = Qu(d*). The proof is involved and is
deferred to Appendix A.2.1. Here, we outline the two main refinements that
enable the tight bound:

(1) The average pairwise correlation (2.3.2) provides only a crude upper
bound on the operator norm of the Gram matrix. Instead, we directly
bound the empirical Gram matrix norm ||Gq,.,|lop/M for a random
subset of IV targets {ha, }jc(v) With support vectors {w;}jeny ~iia Ya-

(2) However, even this norm scales as d~*/2. The reason is because the

projection P~y fi((w, &) ) retains vanishing—but non-zero—components
on subspaces of spherical harmonics of degree ¢ < k. These components
contribute little in L?, but dominate the Gram matrix’s spectrum. To
overcome this, we project instead onto the subspace orthogonal to all
harmonics of degree less than k, which brings the operator norm down
to ©4(d*). While these lower-degree components do not play a role in
kernel methods—they have vanishing L? contributions—, they will have

important algorithmic consequences when considering more powerful
methods (e.g., see Section 3.4.1 and [JKMS25]).

We restate the main result (Proposition A.2.1) from Appendix A.2.1 for
convenience:

Theorem 2.4.3. Consider the problem of learning Gaussian single-index
models (1.2.1) with target function f. € L*(v;). For every integer k € N,
there exists a constant ¢ > 0 depending only on k such that the following
holds. For any kernel method and any n covariate vectors (x;)icin C R?, the
average excess test error (2.4.10) satisfies

A n
Eww”_m [th - wa%% > <1 - Od(l) - Ckﬁ) szk;f*H%z (2.4.13)
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Thus, kernel methods cannot do better than fitting a degree-(k — 1) poly-
nomial approximation to the target function unless n = Qg(d¥).

Remark 2.4.4. [Add a remark on failure of NNs trained in the
lazy regime: Describe neural tangent model. Require samples and
number of parameters n,p > d*. E.g., two layer neural nets with
M neurons require M > d*~'. This is tights as shown in ... See

below. |

Matching upper bound. The lower bound in Theorem 2.4.3 is essentially
tight: there exists a kernel method that, for any k£ € N, learns P<;f. the
degree-k polynomial approximation to the target function with n = Qg4(d¥)
samples.

Let (&k)r>0 € lo be a square-summable sequence with & # 0 for all £ > 0.
Define the kernel:

K(x,x) :Z;— > iHek(a;)Hek(m'), (2.4.14)

k)!
kel |k] = _, (k)

where Hey is the multivariate Hermite polynomial (2.4.2) with multi-index
keZzi,

This kernel is designed so that the corresponding integral operator K
diagonalizes over the decomposition L*(74) = @~ QLak, with:

2

KHey, = Egr, [K (-, @) Hey ()] = C'l";'m Hep, VkeZl,

That is, each degree-k subspace (2, is an eigenspace with eigenvalue &2/ By,
and we can write (see Equation (2.1.6))

Kf:ng;kP f
k=

We included the weights &, to have a trace-class kernel Tr(K) =, & < oc.
We now consider kernel ridge regression (KRR) using this kernel (see

Example 2.2.2). The following result is a direct application of the test error
characterization in [MMM?22, MS24]:
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Proposition 2.4.5. For every k € N, there exists a constant Cy > 0 de-
pending only on k and coefficients {&;}i>0 such that for all d > Cy and
Crd® < n < d*1/Cy, the following holds.

For any h € L*(7y), let f be the KRR predictor with kernel (2.4.14) and
reqularization parameter 0 < X < Cy/n, trained on data (yi, &;)icpn), where
(xi)icin) ~iid va and y; = h(x;) 4+ ; with &; ~ N (0, 0?) independently. Then,
with probability at least 1 — Cy/d, the excess test error satisfies

1f = RIS, = IP=reafll3,

d* n 5 5
SC}C g—f‘w '(Hthyd_‘_Us)' (2415)

This result shows that, for any k € N, kernel ridge regression with d* <
n < d"! samples learns the degree-k polynomial approximation P<;h to the
target function h and nothing else. This staircase decay in the learning curve
was first shown in the case of inner-product kernels with data uniform on the
sphere in [GMMM21, Mis22]. Using results in [MS24], one can in fact show
a much tighter characterization of the test error than Proposition 2.4.5, in
terms of a non-asymptotic deterministic equivalent.

Applying this result to single-index models, we see that the bound in
Proposition 2.4.5 matches the lower bound in Theorem 2.4.3:

o If n = 04(d"), no kernel method can learn more than the degree-(k — 1)
polynomial approximation P<;_; f. to the target function f..

o If n = wy(d¥), kernel ridge regression with kernel (2.4.14) does learn the
degree-k polynomial approximation Py f..

In fact, Proposition 2.4.5 applies to any target function in L?(y,), not just
single-index model. Consider the hypothesis class H = (24 <j, of all polynomi-
als of degree at most k. Then, KRR learns this class with n = ©4(d*) samples.
One can show that this is information-theoretically optimal: n = ,(d*) sam-
ples are necessary to learn a subspace of dimension ©(d¥). In this sense, kernel
methods are optimal for learning all degree-k polynomials in high dimensions.

The above results show that for kernel methods, learning a degree-k poly-
nomial approrimation to a single-index model is as hard as learning all degree-
k polynomials. Kernel methods do not exploit the fact that f,({(w,x)) de-
pends only on a one-dimensional projection of the data. That is, they are
not adaptive to the low-dimensional structure of the data.

We will return to this point in Section 2.4.3.
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Remark 2.4.6 (Computational complexity of the above kernel method).
You might notice that computing the kernel (2.4.14) involves an infinite sum:
it does not have a closed-form expression. It does not have a closed form
solution. Fortunately, for sample size n = O(d*), it suffices to truncate the
sum to terms with ||k|1 < k to achieve the same statistical guarantees as
Proposition 2.4.5. Computing the truncated kernel takes ©(d*) and the total
runtime of KRR scales as ©4(n*d")—the cost of computing the full n x n
empirical kernel matriz K, = (K (i, x;))ijc[n)-

2.4.2 Sparse functions on the hypercube

Let’s now consider the class ”Hg? of sparse functions on the hypercube, where
each regression function is of the form:

hs(@) = fu(ws),  with S € P(ld), P)
where f, : {£1}¥ — R is a fixed link function, P([d], P) is the set of size-P
ordered subsets of [d], and xg = (7;)ics € {£1}F'. Again, we identify each

distribution Dg € Hécl? with its corresponding regression function hg.
Throughout, we will use the notation vy := Unif ({#1}9).

Function space over the Hypercube. We first recall the Fourier-Walsh
basis of L?(v4). For each (unordered) subset U C [d], define the Fourier
function (also known as parity function over U)

xu(@) =] = (2.4.16)
€U
These polynomials form an orthonormal basis of L?(v4) with

Ezv, [Xv(2) X0 (2)] = du=0-

Note that L?(vy) is a finite dimensional function space of dimension 2¢. We
define
Wy :=span{xs : S C [d],|S| = k}, (2.4.17)

as the subspace spanned by degree-k monomials of « (note that 7 = 1, and
Xu, |U| = k, are indeed all possible degree k& monomial in «). Its dimension
is simply

, d
Dd,k = dlm(dek) = (l{j)
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This leads to the orthogonal decomposition:

d
L*(va) = P Wa. (2.4.18)
k=0

Let Py, denote the orthogonal projection onto Wy . We will further introduce
P~ the projection onto the subspace of polynomials of degree at most £ in
x and P>, =1 — P<;_;, that is the projection onto

k d
Wask = P Was,  Waze = P Was
5=0 s=k

respectively.
Let’s decompose the link function f, : {£1}¥ — R into the Fourier basis
on [P]:

fi(z) = Z ayxu(2),
UC[P]

where apy = E,..,.[f«(2)xv(2)].
For any S € P([d], P), the marginal distribution on the support is &g ~ vp.
Thus, the regression function hg : {#1}¢ — R admits the decomposition in
the Fourier basis

hs(z) = > avxu(zs). (2.4.19)
UC(P|

In particular, the projection on degree-k monomials is simply
Prhs() = > avxv(zs),
UC[P|U|=k
and

PehslZ, = > of,  IPshsli = > af. (2.4.20)
USIPLIUI=k USIPLIU |k

Average excess test error: Fix a set of n covariate vectors (x;);cp, C

{£1}9. Let fs denote the predictor output by a kernel method trained
on labels generated by the target function hg. We are interested in the

average excess test error over the hypothesis class Hé‘? with uniform prior
S ~ Unif (P([d], P)), defined as:

Esunit(p((a),P)) [Rexc(fSalz)S)} = Eg unit(p((a),P)) [Hfs = hsl\zd} . (24.21)
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Lower bound. The proof of the dimension lower bound in this case is much
simpler than in the Gaussian single-index case. In particular, we directly
obtain a tight lower bound via the average pairwise correlation:

Theorem 2.4.7. Consider the problem of learning sparse functions on the
hypercube (1.2.3) with target function f. : {£1}F — R. There exists a con-
stant cp > 0 depending only on P such that the following holds. For any
kernel method, any n covariate vectors (x;)icy C {£1}%, and any integer
k < P, the average excess test error (2.4.21) satzsﬁes

Es-uute(a,m |IFs = hsll,] 2 (1= crc) IPsifill,. (2.4.22)

Proof. Fix k € N. For S = (i1,...,ip) € P([d], P) and U = (j1, ..., jx) € [P],
denote

Su = (ij,,...,15,) C S,

that is the subset of S corresponding to the indices U C [P]. Then, we can
write equivalently the Fourier decomposition hg as

- Y avxs (@)
UCIP]

Thus, for S,S" € P([d], P), we have

(hs, P>rhs)y, = g ayagds,—s
UU'C[PL|UIU | >k

where Sy = S}, is an equality in terms of unordered subsets. For S, U, U’
fixed, when S’ ~ Unif(P([d], P)), then

0 if U] # |U'],
Eg[0g,=s ] = Pg/(Sy = Sip) = { 1
v (6) i U] = U

Let us know compute the average pairwise correlation:

sSup ES’NUnif(P([d],P)) [[{hs, Pohs)u,l]
SGP([ ],P)

lay||ag|  Cp
— Z Z CE dg S dk Z CYQU - k HP>kf*Hl/p

=k UU'C[P,|U|,|U’|=¢ UC[P),|U|>k
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Plugging this bound into the dimension lower bound (2.3.6), we directly
obtain that, if the average excess test error satisfies

Eg-unitieia,p) |I1fs = hsll?,] < (1= mlIP=efill,

then the number of training samples must satisfy
n > cPdkn.

Plugging this inequality in the previous display yields the desired inequality
(2.4.22). ]

This lower bound has the same interpretation as in the Gaussian single-
index setting (Theorem 2.4.3): kernel methods cannot do better than fitting
a degree-(k — 1) polynomial approximation to the target function P<j;_qfi.
unless n = Qq(d*).

Matching upper bound. Again, the lower bound in Theorem 2.4.7 is tight:
kernel ridge regression with inner-product kernel learns the degree-k polyno-
mial approximation P, f, to the target function f, with n = Qg(d*) samples.
Specifically, consider the inner-product kernel K (x, ') = h((x, ') /d) where
the kernel function h : [—1,1] — R satisfies

h({z,x') /d) = ka P™ (z, 2')),
(2.4.23)

where ¢ = de]Emwd [ ((1,x)/d)P, P (<1=33>)} :

with €& > 0 for all 0 < k < d, and szp is a degree-k polynomial that satisfies

hyp Ny 1 / /
P )(<w,w>)—B(d7k> Zm kXS( x)xs(@),  Vao,x € {+1}9

In particular, note that’

Okky
Dy’

B [FP((1,20) PP (1,2 =

®Note that they satisfy the same ‘reproducing property’ as Gegenbauer polynomials:
E[P,ghyp)(@c,w>)P,£hyp)(<w,w’))] = P,ghyp)(<w,ac'>)/Dd7k. See Appendix A.1 for background on Gegen-
bauer polynomials.
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and {P]ghyp)}gzo forms an orthogonal basis with respect to (1,x) (a shifted
and rescaled binomial distribution Bin(d, 1/2)). They are known as Kravchuk
polynomials.

Thus, each degree-k subspace Wy, is an eigenspace with eigenvalue &2/ Dy x
and the integral operator satisfies

Kf = }: ng%f Vf e L (vy).

The following result was proved in [MMM22, Mis22]:

Proposition 2.4.8. For every k € N with k < d/2, there exists a constant
Cr > 0 depending only on k and coefficients {&,}4_, such that for all d > Cy
and Cpd® < n < d*1/Cy, the following holds.

For any® h € W<k let f be the KRR predictor with kernel (2.4.23) and
reqularization parameter 0 < X < Cy/n, trained on data (yi, &;)icpn), where
(xi)icin) ~iid va and y; = h(x;) 4 &; with &; ~ N (0, 0?) independently. Then,
with probability at least 1 — Cy/d, the excess test error satisfies

If = Rll2, = IP=kaabll},| <

(& dZJ (I0l2, +02).  (2.4.24)

Again, [MS24] show a much tighter characterization of the test error in
terms of non-asymptotic deterministic equivalent.

Combining Theorem 2.4.7 and Proposition 2.4.8, we see that for n =
04(d¥), no kernel methods can learn more than the degree-(k — 1) polynomial
approximation P<;_;f. to the target function f,, while KRR with inner-
product kernel learns the degree-k polynomial approximation P<;f. when
n = wy(d¥). In fact, Proposition 2.4.8 applies to any target function: KRR
learns the class H = W <, of all polynomials of degree at most & with n =
©4(d*) samples—which is information-theoretically optimal. Thus, learning
a degree-k polynomial approrimation to a sparse function on the hypercube is
as hard as learning all degree-k polynomials. Kernel methods cannot exploit
the sparsity assumption on f, in this setting.

%In fact, we can consider any h € L*(r4): KRR will also learn |[P>4_xh||2,, which are subspaces of
dimension O(d*).
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2.4.3 Summary

We conclude by summarizing the main insights about kernel methods that
emerge from the dimension lower bound and its application to Gaussian
single-index models and sparse functions on the hypercube.

Curse of dimensionality. The dimension lower bound implies that with
n samples a kernel method can effectively learn only a O(n)-dimensional
subspace of L?(IPy) that depends on the covariate vectors and the kernel, but
not on the target function. In our two examples, the degree-k polynomial
subspace has dimension ©4(d*). Hence:

e Learning degree-k components require n = 64(d*) samples, and with
that many samples, kernel methods learn all degree-k polynomials (not
just single-index or sparse ones). This is information-theoretically op-
timal when requiring to learn all degree-£ functions.

e Kernel methods do not leverage the additional low-dimensional struc-
ture (one-dimensional index or P-sparse support). They adapt to smooth-
ness (polynomial degree) but not to intrinsic dimension (single-index or
sparsity). This adaptivity gap is a central theme in Bach’s book [Bac24].

Thus, kernel methods require much more samples than the information-
theoretic optimal ©4(d) and ©4(log(d)) samples for single-index and sparse
functions respectively. Their sample complexity depend on the degree of the
link function—they are cursed by dimensionality. Can we do better than
kernel methods? Is there an efficient procedure that achieve optimal sample
complexity?

Two-steps procedure. If we assume that a degree-k polynomial is a single-
index or a P-sparse function, then one can vastly outperform kernel methods
with a simple two-step scheme: (1) Estimate the low-dimensional support,
and (2) Fit a polynomial restricted to that support. The first step typically
depend on milder properties of the link function than its degree, while the
second step is a low-dimensional fitting step and can be done efficiently.

e (Gaussian single-index models.) Assume p; = Eqo, [f(G)G] # 0 for
simplicity. Estimate the index via

N n
. v 1
W= 77, UV =— E Y; Xy
o]l n
1=1
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Standard concentration yields [(w, w,)| > 1 — C+/d/n with high prob-

ability. We can then fit a degree-k polynomial f on the scalar feature
(w, x) efficiently. This two-step procedure learn degree-k single-index
polynomials with ©4(d) samples (information-theoretically optimal),
compared to ©4(d*) for kernels.

(Sparse functions on the hypercube.) Assume for simplicity that ay;y =
E.w,[f«(2)z] # 0, for all i € [P]. For each coordinate j € [d], one can
compute the empirical correlation

. l «
Ty = n Zyﬂip
i=1

and let S be the P indices with largest |T{j}|. Hoeffding’s inequality
plus a union bound give support recovery with n = O4(log(d)) with
high probability. Fitting the degree-k polynomial on the P-dimensional
support then only require ©4(1) samples. This two-steps procedure
learn P-sparse degree-k polynomials in ©4(log(d)) samples, compared

to O4(d¥) for kernels.

More generally, one can design statistical procedure—but not necessary

computationally efficient—that match kernels in the worst case over polyno-
mials and adapt to low-dimensional support when present [Bacl7, Bac24].

Fixed features vs. feature learning. Kernel methods use fized features:

e A predetermined ‘representation’ ®(x);

e Learning a model only in the span {®(x;) }icpn-

In contrast, the previous paragraph suggests that one can vastly improve the
performance by adapting the representation to the task at hand. One can
learn ‘good’ features by training a parametric representation @y, jointly with
the predictor. For a two-layer network with M units:

q)W = (0(<wj7w>>)]€[M] € RM: m 0 W Ze o w]7

e If W is fixed and only @ is trained, we recover a kernel method (learning

in a fixed feature span).
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e If both 8 and W are trained, gradient-based methods may align fea-
tures with the task structure (e.g., w, aligning with w, or concentrat-
ing on the active coordinates S,). In effect, the algorithm learns good
features—a good representation of the data—and emulates the above
two-step procedure implicitly (and automatically).

While a complete theory is still developing, both theoretical results and
numerical experiments indicate that gradient algorithms on neural networks
can adaptively learn good representations of the data, such as low-dimensional
or sparse features, and substantially outperform fixed-feature kernels. We will
show such examples in the next chapter when we will consider noisy gradient
descent algorithms.
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Chapter 3

Noisy gradient descent

In this chapter, we study a simplified model of gradient-based optimization
algorithms, which we refer to as noisy gradient descent. In this model, the
algorithm has access to population gradients—i.e., gradients of the population
loss—perturbed by additive Gaussian noise. Although it is not a statistical
algorithm—that is, an algorithm that operates on finite samples—, noisy
gradient descent captures some key aspects of stochastic gradient descent
(SGD), the backbone of modern machine learning. Furthermore, the class of
noisy gradient descent algorithms falls in the broader class of statistical query
(SQ) algorithms, which we explore in the next chapter.

Our goal here is to establish a lower bound on the number of gradient steps
required by noisy gradient descent to achieve small test error. To this end, we
follow a ‘junk flow” argument developed by Abbe and Sandon [AS20], which
compares the algorithm’s output on real data to its output on corrupted
data—where the labels have been (partially) replaced with random noise.
This argument illustrates a general strategy for proving lower bounds: if an
algorithm cannot distinguish true data from corrupted data, it cannot learn
beyond a certain precision.

The presentation and proofs in this chapter will follow [ABA22].

3.1 Noisy gradient descent

We consider a general parametrized model f(-;0) : X — R, with parameters
0 € R, and only assume that Vg f(x;0) exists for every x € A and 8 € R?
(or almost everywhere). For example, f(-; @) may represent a neural network
with weights 6, such as the two-layer neural network (1.1.5).

61
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We focus on the squared loss £(y,§) = (y — 4)? and assume data points
(y,x) ~ D e P(R x X). The population (or test) loss is given by

R(6;D) = E(ym)p[ (v — f(2:6))7]. (3.1.1)

Let h(x) := Eply|x]| denote the regression function. Then the excess risk of
a predictor f(-;0) is

Ri(0) := Egmpy, [(h(z) — f(20))] = [|h — f(;0)]%.

Stochastic Gradient Descent (SGD). A common approach to minimize
the test error is to run online SGD on the population loss (3.1.1): starting
from an initial (random) parameter 8° ~ py € P(RP), we update iteratively
the parameter by sampling a new data point (yx, ;) ~ D at each step (so
that {(yx, zx) }x>0 are iid):

0" = 0% — 0. Vol(yr, f(x1; 6%))
= 0" + m(yk — f(xr;0%))Vaf(zi; 0,

where 7, > 0 is the step size at step k. This is often referred to as one-pass
SGD, where each training data point is used only once during training. This
is a reasonable assumption for large datasets, where each sample is only seen
at most a few times.

Note that we can rewrite the update rule (3.1.2) as

(3.1.2)

0" = 60" —np VoR(0%;D) —np {Vellyr, f(xx;0")) — VoeR(0"; D)} .
%/_/ [\

g

~
population gradient mean zero independent variable

The first term is deterministic conditional on 8% while the second term is a
mean-zero noise vector that introduces randomness into the trajectory. Di-
rectly analyzing this trajectory is difficult. Instead, we consider a stylized
model where this noise term is replaced by independent Gaussian noise vec-
tors &% ~ N(0, 721,). This defines the noisy gradient descent model.

Gradient clipping. We will further consider clipping the gradient, which
is often used in practice to avoid instability from exploding gradients. That
is, we replace Vg f(xy; 8%) in the gradient update by its projection onto an
{5 ball of radius R:

Mg [Vef(xi; 0%,
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where B(0, R) = {z : ||z||] < R} C RP. This will ensure that the magnitude
of the update is controlled relative to the noise level 7 (see Chapter 4). Define
the clipped population gradient:

9(0) = —E@zy~p [(y — f(x;0)) g Ve f(x; 9)]}

(3.1.3)
= — B[ (h(x) - f(2:6))TLp5 Vof(z:6)].
Note that the population gradient (and therefore the parameters 6%) only
depend on the data distribution D through the target function A. We will
denote g;,(0) := g(0) and 0} := 6* to emphasize this dependency.

Noisy Gradient Descent. Putting everything together, noisy gradient de-
scent with respect to the target function h is defined as follows:

e Initialize 68" ~ py.
e For each step k, update:
0)! = 0f — g (0") + mie", (3.1.4)

where &8 ~ N (0,7°1,) are independent Gaussian noise vectors, and
g1 (0%) are the clipped population gradient (3.1.3).

By using the randomness in £, this model will allow for simple lower bounds.

Remark 3.1.1 (Gaussian noise and batch-size). Consider online SGD with
batch size b—that 1s, at each step, we draw b new samples from the population
distribution (ygk), :I:Z(.k))ig[b] ~iia D and compute the empirical gradient on these
b samples (see equation (1.1.8)). The statistical noise contribution to the

update is given by

b

A0 = 3 S0 — f(; 0L Vo (w50

i=1

—Ep[(y — f(z;0")pon Vef(x; 0],

and each entry as variance of order 1/b. Thus, we can heuristically interpret
T as being related to the batch size of online SGD, with T = 1/\/5
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3.2 Lower bound via junk flow

In this section, we establish a lower bound on the number of steps required
for noisy gradient descent to achieve low test error when learning a class of
target functions H C L?(Py). Consider a prior py € P(H) over these target
functions. Our lower bound will hold with high probability over the random
choice of target function h ~ puy and the randomness in the optimization
trajectory.

The difficulty of learning the function class H using noisy gradient descent
is governed by its correlation alignment complexity (see [AS20, ACHM22] for
earlier notions). This notion captures how well the target functions align
with any fixed direction in the function space.

Definition 3.2.1 (Correlation alignment complexity). Let Py € P(X) be
the input distribution, and uy € P(H) be the prior distribution over target
functions h € H C L*(Py). Let g € L*(Px) be a reference function. The
correlation alignment complexity of (uy,g) is defined as

—1
Aligneo (1, g) = [ sup  Epep, [<§b7hg>%2(@x)}] : (3.2.1)

161526y <1

For simplicity, we will write Alignc,, (1) when g = 0.

Intuitively, large alignment complexity means that the target functions
in H (centered by a reference function) are nearly orthogonal to any fixed
direction. We will come back to this notion in Chapter 4 when we discuss
Statistical Query algorithms, and justify the name ‘correlation alignment’.

We now state the main result of this chapter: a lower bound on the
performance of noisy gradient descent in terms of this alignment complexity.

Theorem 3.2.2 ([ABA22, Theorem A.4]). Fiz an input distribution Py €
P(X) and a parametrized model f(-;0) : X — R, with parameters 6 € RP.
Let 9% be the (random) parameter after T steps of noisy gradient descent
(3.1.4) with target function h € L*(Py), initial distribution py € P(RP), step
sizes {nk ti>0, clipping radius R > 0, and noise level T.

Then for any prior uy € P(H) over target functions, any offset g €
L*(Py), and any € > 0, we have

R T 1
T 2
Ph“ﬂ?—tﬂg [Rh(eh) < Hh - g||L2 - 5] < E K + E-—A7 (322)
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where A := Aligne,, (13, g) is the correlation alignment complexity from Defi-
nition 3.2.1.

This result shows that unless the number of steps T' is sufficiently large,
noisy gradient descent cannot significantly improve upon the trivial predictor
that always outputs ¢g. In particular, if A is large, then the test error remains
lower bounded by ||h — g||%, with high probability over h ~ pz and the
randomness in the trajectories, unless

T™\2
T2 () Aligncelin. 9) (3.2.3)

Here 7/R can be interpreted as the gradient precision (see Remark 3.1.1).

Thus if the alignment complexity A is large, learning requires either a large
number of steps 7" or a small gradient precision 7/R. We will see later that
this style of lower bound is typical when considering SQ algorithms (Chapter
4), where 7 corresponds to the precision of the query expectations.

Example 3.2.3. Consider H = {h1,...,hn} a set of N orthonormal target
functions: (hi,hj)r2 = 6;; and ||hi||lp2 = 1 for all i # j. Taking py to be
uniform over H,

N
1 5 1
Sup Ehw,u [<¢7 h>%2} = Sup == <h27¢> N
o<t ol 2<1 N ; N
Thus Aligneo () = N, and noisy gradient descent cannot achieve small

average test error unless T(R/7%) 2 N.

Proof via ‘junk flow’. We now outline the proof of Theorem 3.2.2 and
defer the proof of the technical lemmas to Section 3.3.

The central idea is to compare two noisy gradient descent trajectories:
one trained on the true target function h, and one trained on a fixed ‘junk’
target function g. If the two trajectories remain close in distribution, then
the algorithm cannot distinguish whether it is learning A or g. Since the
junk flow has no information about the true target function h, its test error
remains high. Hence, unless the trajectories diverge, the algorithm cannot
achieve low test error.

Specifically, we consider:
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e Noisy GD trajectory on true target h: Let 69, ... 6T be the trajectory
of noisy gradient descent (3.1.4) with target h. That is, we initialize
with 89 ~ py and updated the parameters via

0,7 = 0 — mgn(0)) + mk€",  where &~ N(0,7°L).

e Noisy GD trajectory on junk target g: Let 02, e ,HgT be the trajectory
of noisy gradient descent (3.1.4) with junk target g € L?(IPy), initialized
with 92 ~ pp and updated via

0’;“ = 95 — nkgg(eg) + nkék, where €F ~ N(0, TZIp).

Theorem 3.2.2 is then a consequence of the following two lemmas.

The first lemma shows that the distributions of 87 and OQT stays close
to each other (in total variation distance, see Definition 3.3.1) with high
probability over h ~ .

Lemma 3.2.4 (Proximity of the two trajectories). Under the setting of The-
orem 3.2.2, we have

R T
E,.. [TvV(Or 5] < — 2.4
e [TV(6;,00)] < 27\/A|igncm(ua,g)’ (3.2.4)

Equivalently (see Equation (3.3.3)), there exists a joint coupling of 67
and HgT such that

R T
T T
]]I-DhN,uH,Og,gg [Oh 7& 99} S E\/A“gnCor(M'Ha g) .

In words, if T < (7/R)*Align, then with high-probability over h ~ pug and
noise in the algorithm, the outputs 67 and HgT of noisy gradient descent are
indistinguishable.

The second lemma lower bound the test error on the junk flow trajectory.

Lemma 3.2.5 (Test error of the junk flow). Under the setting of Theorem
3.2.2, we have for any € > 0,

1
Phwu%ag [Rh(9§> < |lh— gH%Q(Mx) N 6} = e - Aligneo, (134, 9)
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The proofs of Lemma 3.2.4 and Lemma 3.2.5 can be found in Section 3.3.
Note that these proofs use very little about the specific form of the update
equation (3.1.4)—only the additive Gaussian noise structure—, and we will
generalize Lemma 3.2.4 to a broader class of algorithms in the next chapter.

We are now ready to prove Theorem 3.2.2:

Proof of Theorem 3.2.2. For any coupling between 67 and OgT, and for any
t > 0, we have

P07 [Ru(6)) <t] < Phyin 07 67 6} # 95] + Phps07 [Rh(eg) <t].

Taking the optimal coupling, the first term is bounded in Lemma 3.2.4, while
the second term is bounded in Lemma 3.2.5. ]

3.3 Proofs of auxiliary lemmas

We first recall some definitions and standard properties of the total variation
(TV) distance and Kullback-Leibler (KL) divergence.

Definition 3.3.1 (Divergences between probability measures). Let P and Q)
be two probability measures on a measurable space (2, F).

(1) (Total Variation distance.) The total variation distance between P and

Q is defined as

TV(P,Q) = sup [P(A) — Q(A)]. (3.3.1)

(2) (Kullback-Leibler divergence.) Further assume that' P < @ . The
Kullback—Leibler divergence between P and () s defined as

dP
KL(P||Q) = / log (—(w)) dP(w), (3.3.2)
Q d@
where S is the Radon-Nikodym derivative of P relative to Q.

dQ

With a slight abuse of notations, we will write TV(X,Y) and KL(X|[Y)
instead of TV(P, Q) and KL(P||Q) when X ~ P and Y ~ @, and sometimes

LP is dominated by Q, denoted P < Q, if and only if for all A € F, Q(A) = 0 implies P(A) = 0.
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TV(P(X),Q(Y)). In particular, we have the following equivalent characteri-
zation of the TV distance

TV(X.Y)= inf PX#Y 3.3.3
(X,Y) L (X #Y), (3.3.3)

where coupling( X, Y') is the set of joint distribution over (X, Y) with marginals
P and Q.

We next present some basic properties of TV and KL which will be useful
when proving the auxiliary lemmas.

Proposition 3.3.2 (Properties of TV and KL).

(a) (Pinsker’s inequality.) We have
1
TV(P,Q) < §KL(PHQ). (3.3.4)

(b) (Data processing inequality.) Let P and @ be two distributions for a
pair of variables (X,Y). We have

TV(P(X),Q(X)) < TV(P(X,Y),Q(X,Y)). (3.3.5)

(¢) (Chain rule for KL.) We have

KL(P(X, Y)[|Q(X,Y))

— KL(P(X)||Q(X)) + Evr [KL(P(Y|X = 2)]|Q(V]X = a))]. &30

The above properties and their proofs can be found in any information
theory textbook (e.g., [Duc24, Chapter 2]).

Proof of Lemma 3.2.4. Write HET =(6),...,0) and OQST = (02, o ,95) the
two trajectories, and denote £(8;") and E(OQST) their laws. We first bound
the KL divergence between HQST and Of%T:

KL(L(0;T)[1£(6;7))
KL(L(B)]1L(67)) + Y Eye [KL<£<9§+1|0;’f>|\L(ef’i“\e,?’“ = Hgfk))}
k=0

—
Q
N2

—~
~

T-1
9 3" Eoocia [KL(L(BS 16 = 0)][£(05 " 10f = 0))]
k=0
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where we used (a) the KL divergence chain rule (Proposition 3.3.2.(3)), and
(b) L£(6)) = L(6)) = po and the Markov property of GD training. By
definition of the update rule in noisy GD (3.1.4), we have

0, ,_, ~N(O—mgy(0),mT,),
0| ,_, ~ N0 —mgn(0), nir’L,).
-
Thus using the formula of KL divergence between two Gaussians?, we deduce
-1
KL(LOTILO) = 3 sraBo-cion [19,0) ~ an@)3]. (337
k=0

By definition of the clipped population gradients, we have

94(0) — g1(0) = Eg [(h(x) — g(2))por)[Vef(x;0)]]

so that,

Enpr [196(0) — g1(0)]3] = ZE/MH [<h - gaHBm,R)[V@f('?9)]9%2(%)}

—
S

) Z 10,7 [Vaf(-0)ill7-
AllgnCor (:u?'[v g)
R2
A“gnCor(/«L?-b g) ’

IA

INE

where we used (a) the definition of the correlation alignment complexity,
and (b) |Hpo.r [Vef(x;0)]]|53 < R* by definition. Injecting this bound into
equation (3.3.7), we obtain the upper bound

By [KLIL(OST)]1L(057))]

T-1
1 2
- kz:; FEGNE(Q’;) [EhNﬂ% [Hgg(e) - gh(O)H2H (3.3.8)
2
<7 R 1

272 Aligneo, (121, 9)

2We have KL(A (1, 2L, W (1, 121,)) = 5 |1 — w3
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Finally, we conclude the proof of this lemma by observing that
(a)
By, [TV(L(6]), L(O))] < Biy, [TV(L(05T), L(65))]

(b) 1
< B || L0120

5, \/;E [KL(LO)1£6:))]

@2 R T
— 27\ Aligneo (i, 9)’

where we used (a) the data processing inequality (Proposition 3.3.2.(2)), (b)
Pinsker’s inequality (Proposition 3.3.2.(1)), (c¢) Jensen’s inequality, and (d)
the bound on KL divergence in (3.3.8). O

Proof of Lemma 3.2.5. Define
on(0)) = (h—g,f(6.) — 9)12(x)-

Recall that g is fixed and 05 is independent of h ~ pgy. Therefore, by
definition of the alignment complexity,

Enpn0n(05)] < Aligne (1, 9) 7 1F(:0,) — gll7--

Denote & the event ¢;(0])* < e[| f(:;0) — g||7. such that, by Marhov’s
inequality and the above display

BE) = P (oul61)7 > llf360) —all) < gt
Let’s consider the excess test error. Under the even £, we have
Ru(8y) = |h — f(-:05)|I7:
= [|h = gll7: — 20n(8;) + [lg — f(::6,) 72
> [|h = gll7: — 2Vellg — £(05) 122 + lg — f(6,)]72
> [|h = gll72 — e,

where on the last line, we optimized over § := ||g — f(-; HZ)H 2. We deduce
by contraposition that

1
e - Aligneo, (13, 9)°

P[Ru(0)) < |h— g7 —¢] <P(E) <
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which concludes the proof of the second lemma. ]

3.4 Examples

We now study learning Gaussian single-index models and sparse functions
on the hypercube using noisy gradient descent, and apply the correlation
alignment lower bound of Theorem 3.2.2.

3.4.1 Gaussian single-index models

For Gaussian single-index models, the complexity of noisy gradient descent is
governed by the information exponent of the link function f,. This quantity
first appeared in [DH18] under the name order of degeneracy. The informa-
tion exponent was defined later in [AGJ21] as a property of the optimization
landscape. The information exponent reduces to the order of degeneracy for
the special case of Gaussian single-index models, and we adopt this latter
terminology as it has become more popular in the literature.

Definition 3.4.1 (Information exponent). For f, € L?(7), the information
exponent of f, is defined as the degree of the first non-zero coefficient in its
Hermite expansion, that s

ki = ki(f,) = min{k > 1 : Eg., [f.(G)Hen(G)] # 0}. (3.4.1)

The next proposition shows that the alignment complexity scales polyno-
mially in the ambient dimension d, with exponent depending on the informa-
tion exponent of f,:

Proposition 3.4.2. Let k; be the information exponent of f. € L*(v1) and
let g be the uniform distribution over hqy = fi({w,-)) induced by w ~ 7.
Then

Alignco (s, 92) = Oa(d*”?), (34.2)
where g, = Eq, [f<(G)] (constant predictor).

Proof Sketch. For each multi-index ¢ € Zio, Stein’s identity applied to each
factor He,, (x;) and the differentiation rule (Proposition 2.4.1.(ii)-(iii)) yield

%
E[Heq(z)Her((w, z))] = E H e Hey({w, x)) | = w* - kld)qa),=t,
jeld



72 CHAPTER 3. NOISY GRADIENT DESCENT
where we denoted w® := [[ ¢y w;”.
Expanding ¢ € L?(v4) in the multivariate Hermite basis gives

ElHe((w,2))é(@)] = Y.  Sw® o= E[Hea(@)d()].

acZly [l 1=k

Recall that we denote the (univariate) Hermite coefficients of f,. by u; =

E[f.(G)Hey(G)]. Then

E[(f((w, @) - g.(@)o(@)] = Y5 D Bw

k=1 . aEZ%O,“alek

Thus, the average squared correlation decomposes as

oo

27 _ Hky Fok Calp 3
Busu [ =00l = 20 RiEE 2 Gt
k1,ka=1 ' ' a,B€74,,

leell1=F1,|Bll1=k>

Using Wick’s formula, one can bound each of these expectations by

llexlls + 11811
2

on—,@
% < (E) Il + B =0 mod 2] (3.4.3)

Injecting this upper bound in the above display, one can show using Cauchy-
Schwarz inequality and a counting argument that

E'w’\”_}/d [<hw — G« ¢>%d}

| L [callcgl <C)
< 2 R )3 A
- kil k! 31 \ d
ko=l "1 " o Bezd | ali=ky, |8l=ks 3 (3.4.4)
a+B=0 mod 2

< Y (C/a)t” “’fnP 3117,
k=1

k1+ko

We provide the detailed proof of bounds (3.4.3) and (3.4.4) in Lemma A.2.4,
Appendix A.2.2.
Taking the supremum over ||¢|, < 1 in the above display yields

B, O~ 0.02) < C-sup {FR(CJf ) = 0™,

161l <1 k>1
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where kp is the information exponent of f,. One can show similarly a lower
bound by setting ¢ that is a pure degree-k; Hermite polynomial with uniform
coefficient ¢, = 1/4/ B, which concludes the proof. ]

Applying Theorem 3.2.2, we obtain the following lower bound on learning
Gaussian single-index models with noisy gradient descent:

Corollary 3.4.3. Let f, € L*(v1) be a link function with information expo-
nent ki. For a parametrized model f(-;0) : X — R with parameters 8 € R?,
let OL be the parameter after T steps of noisy gradient descent (3.1.4) on
the target hy = f({w,-)), with initialization py € P(RP), step sizes {ns}s>o,
clipping radius R > 0, and noise level T.

There ezists a constant C' > 0 (depending only on f.), such that for any
d€(0,1),

C

1w — [ 0I5, = IPs1fell?, — gd““/?, (3.4.5)
with probability at least 1 — & over w ~ 7, and the noisy GD randomness,
provided

R\® &
T(=) < Hdv” 3.4.6
(7) <o 340

In particular, to outperform the trivial constant predictor g. := E, [f.(G)],
noisy gradient descent needs

T(R/7)* > d4/?,

Remark 3.4.4 (Sharper exponent via spherical harmonics). One can refine
the lower bound using the spherical harmonic basis (Appendiz A.1):

k1+1

Qd(dT) if ki 4s odd,

. (3.4.7)
Qq(d>")  if ky is even.

T(R/7)* = {

The proof is also much simpler and only uses properties of Gegenbauer poly-
nomials. See Appendixz A.2.2 and Lemma A.2.5. For reasons we will discuss
in the next chapter, we conjecture that when k; is odd, the true lower bound
is ©g(d™>Zk/240)) - the correlation alignment bound misses an additional v/d
factor in that case.
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A first online SGD algorithm. Consider online SGD (mini-batch size b,
cf. Remark 3.1.1) on

min R(8) := ., |(y— £((6,2)))°] . (3.4.8)
i.e., a one neuron model f(-;0) := f.({-,0)), @ € RY. Expanding f, in
Hermite polynomials (cf. (2.4.11)), the landscape near random initialization
0y ~ J4—so that (w,8y) =< d~*/? with high probability—behaves as

R(8) = 2|[P=1fll5, + 02 — O((w, 8)"),

so that the projection of the gradient at initialization on the signal direction

satisfies
—1

ki
[(w, VoR(60))| = [{(w, )" = d™ =

To escape this bad initialization and converge to zero test error, Ben Arous et
al. [AGJ21] showed that the number of online SGD iterations needed obeys?

O4(d) if kp = 1,
b-T =< O4(d) if ky = 2, (3.4.9)
Oq(dd1) if ky > 3,

where the batch size is taken b = Oy(d™®(Lki=1)) - Adapting [AGJ21] to noisy
GD with clipping R = ©(V/d) yields the same complexity with b replaced by
1/7%. Hence this noisy GD algorithm achieves

T(R/T)2 _ éd(dmax(2’kl)),

matching the lower bounds only for k; € {1,2} (Remark 3.4.4). Joshi et
al. [JKMS25] provides the following interpretation: the suboptimality for
ki > 3 stems from ignoring the radial component ||x||2. If one normalizes
the input to z := x/||x||s ~ 74 (direction-only information), the correlation-
alignment complexity becomes Oq(d™*>k)) In that restricted class, the
above online SGD algorithm (3.4.8) is optimal.

3Here, ©4 hides polylog factors in d. That is, T = O4(f(d)) if T = O4(f(d)log®(d)) for some constant
C=>0.
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Landscape smoothing. The previous online SGD algorithm can be mod-
ified to achieve optimal complexity using landscape smoothing [BCRT20,
DNGL23]. This approach smooths the landscape by averaging the loss over
a small spherical neighborhood:

[ 0+ \u
udy | R\
pesit | <||9 + Aqu)]

Damian et al. [DNGL23] showed that, with a suitable A, the required number
of online SGD steps drops to b- T = ©4(d¥/?). Intuitively, averaging reduces
the noise while preserving the signal direction. We refer to [BCRT20] for a dis-
cussion. Taking R = v/d and 7 = 1/v/b gives T(R/7T)? = O4(d“/**1), which
now matches the lower bound rate. However, the update on the smoothed
loss cannot be stated directly as a noisy GD step.

= min E,.5, [Ep
gesd-1

Matching upper bound. Joshi et al. [JKMS25] exploited the harmonic
decomposition of L?(v4) to design an optimal online SGD objective (simplified
here):

min R(0) = E(ya)-p, (v — /(@:0))]. (3.4.10)

where the model is chosen to be

& ([|x]|2)(0, ) + Hey ((8,x)) if k; is odd,

fla:8) = {fg(|w|2)He2((0,w)) if kq is even,

with carefully chosen radial functions &1, §>. Then, the parameter 6 converges
to £w in b-T = Oy(d“/?) steps, and noisy GD on this objective attains the
optimal complexity

T(R/7)* = ©4(d/*™).

3.4.2 Sparse functions on the hypercube

The complexity of learning sparse functions on the hypercube with noisy GD
is governed by the leap complexity of the link function f, : {#1}Y — R. This
notion was introduced for the hypercube in [AAM?22, AAM23], extended to
general product measures in [JMS24], and to Gaussian multi-index models in
[AAM23, BBPV23, DKL 23|.
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Leap complexity. Recall the Fourier-Walsh expansion
fo2) =) avxu(z),  xw(z)=]]=
UC[P] €U

and let U(f.) := {U C [P] : ay # 0} be the set of non-zero monomi-
als’. Given an ordered support S = (iy,...ip) € P([d], P), write for U =

(jla"'ajk‘) - [P]7
Sy =iy, riy) C S,

so the regression function hg(x) = f.(xs) decomposes as

hs(x) = Y auys, ().
UClP]

As discussed in Sections 1.2 and 2.4.3, learning in this setting reduces to
recovering the support S. A natural approach is to test correlations with
monomials. For any V' C [d], define

A
Ty =— Z%XV(%)
i=1

By orthogonality,

E[Ty] = Elhs(z)xv(z)] = > arl[V = Sy].
UC[P)

Let a, = min{|ay| : U € U(f.)}. A standard union bound plus Hoeffding’s
inequality shows that with n = ©4(log(d)), uniformly over all V' C [d] with
Vi< P,

Ty| > /2 <= V =28y forsome U eU(f.), (3.4.11)

with high probability. Hence, we can recover the support S with the following
sequential algorithm that grows a set of discovered indices using only such
correlation tests. Let Z C [d] be the set of recovered indices. The algorithm
proceeds as follows:

1. Initialize Z < 0.

4Note that we are assuming without loss of generality that all P coordinates are active. That is
Uveu(s,) U = [P]; so that the support is indeed of size P.
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2. For k=1,2,..., P:

(a) Until no such sets exists, do the following. For each V = 11 U V4
with Vi € Z and V5 C [d] \ Z such that |V2| < k and |V| < P,
compute Ty

~ I Ty | > o /2, set ZU Vs < .
(b) Stop if |Z| = P.

3. Output Z.

With n = ©4(log(d)) samples, the algorithm returns Z = S with high prob-
ability, by equation (3.4.11). We illustrate this algorithm on three examples
later in this section.

Define ks to be the largest k encountered by the algorithm when run with
noiseless statistics (n = oo, i.e., Ty replaced by E[T v]). The total search cost
is ©4(d*): the bottleneck is finding the subset of the support that requires
recovering ky, new coordinates simultaneously using correlation tests. Follow-
ing [AAM23], we will call k; the leap complexity of f.. It is straightforward
to check that the leap complexity admits the following equivalent definition
directly on the set of non-zero monomials U( f):

[Change to leap exponent]

Definition 3.4.5 (Leap complexity). Let f, : {1} — R with non-zero
monomials U(f.) = {Ur,...,U.}. The leap complexity of f. is defined as

ky := kg(f*) = min max |U7T(j) \ Ug;llUﬂ(Z)‘ (3412)

7€&, jer]

In words, kg is the smallest—over all orderings of the non-zero monomials—
possible value of the largest number of new coordinates that must be ‘leapt
over’ at some step to reconstruct the support. It exactly recover the largest
k that the above sequential support-recovery algorithm encounters.

Examples. Let S = (i1,...15) € P([d],5) and consider:

(1) _
he () = i, i, 4, T3, T,

(2) _

hS (CU) = Tijy T Ti\ Tiy + Tjy Ty Ty + Ty Tiy TiyLiy + Ty Tip Tiy T,y T, (3413)
(3) _

hS (CU) = Tijy T T TiyTipy iy + TipTiy T, T,

with associated link functions ffl), f*(Z), fis).
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o hg) (parity function): Only xg is active. One needs to recover all 5

indices at once. The leap complexity is kg( ji,fl)) = 5 and the total
search cost is ©4(d°).

. hg) (vanilla staircase function [ABAB"21, AAM?22]): Active monomials
form a ‘staircase’ and we can recover one new coordinate at a time; first
11 using degree-1 test; then 7o via degree-2 tests containing ¢1; and so

on. The leap complexity is kg( f@) = 1 and the total search cost is
Oq(d).

) hg)): First, recover i; from the degree-1 term; then the first degree-4
monomial gives {is, 13,74} simultaneously; finally the second degree-4

monomial identifies 75. The leap complexity is kg( fg)) = 3 and the
total search cost is ©4(d?).

Alignment complexity lower bound. We show that the noisy GD lower
bound matches the complexity of this optimal sequential support-recovery
algorithm (via correlation tests).

Specifically, consider a link function f, : {&1}7 — R with leap complexity
ke. Intuitively, with complexity o4(d*), noisy GD cannot go beyond fitting
those monomials that are discoverable using leap of size at most ky — 1. Let
U, (f+) C U(f.) be this subset of monomials: that is, Uy, ( f,) is the maximal
subset of U( f,) such that the function with non-zero monomials Uy, (f.) has
leap complexity at most ky—1. Define the ‘reachable part’ of the link function

fe<(2) = Z ayxu(2). (3.4.14)

U€u<kg (f*)

For a support S € P([d], P), write

hS,<kg = f*7<kf(ws<kg)’ S<kf = U Su,

so Sck, C S is exactly the subset of coordinates recoverable using leaps < k.
Without loss of generality, fix Sc, = [Fy] with By := |S«,|, and consider
the class of supports that agree on these F, coordinates:

Poi,([d). P) = {S € P((d], P) : Sui, = [R]}.
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Define
H' :={hs:S e€P,,d,P)} (3.4.15)

We will bound the alignment complexity for the uniform prior over H’ with
reference function

g«() := [k, (X)),
i.e., the predictor that already fits all monomials supported on the discovered
coordinates [Fp].

Lemma 3.4.6. Let k; be the leap complexity of f. : {£1}F — R and let pyy
be the uniform distribution over H' in (3.4.15). Then

A“gnCor(MH’u g*) - @d(dkz)a (3416)
where g.(x) = fi <k, (T(R))-
Proof. Let Usy, = U(f,) \ U<,. For every hg € H',
hs(x) — g«(x) = Z ayXsy ().

Uequg

For such U, write U = Uy U Uy with Uy := U N [Py] and Uy := U \ Uy. By
construction, |Up| > kg, i.e., each remaining monomial contains at least k;

as-yet to be discovered coordinates.
If S ~ Unif(Py,([d], P)), then Sy = Sy, U Sy,, with Sy, fixed and Sy,

uniform over all (dlgﬁo) subsets of [d]/[Py]. For any ¢ € L*(vy),

EhSNMH, [<h — Gx; ¢>%Q]
< oF Z apEs [(xs,, 9)°]

UEZ/{Zké

< Cellflly, > > (s 9)P(Sy, = V)

Uelsy,(f+) VCld\[FPo],|V[=|U]

<Cp Z (d_;po Z (Xspuv, BY 72

|U1| ) VC[d\[P],|VI=|Ui|

UEZ/{Zke(f*)
Cp CP
<> b B = o9l
VCld]

where we used in the last line that |U;| > kg for all U € Usy,(f.). This gives

AlignCor(M’H’: g*) = Qd(dke)'
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We can show a matching upper bound O(d*) on the alignment complexity
using a carefully choosing ¢. ]

Applying Theorem 3.2.2 and averaging over all possible subsets S.y,, we
obtain the following lower bound on learning sparse functions on the hyper-
cube with noisy GD:

Corollary 3.4.7. Let f, : {1}’ — R be a link function with leap complezity
ke. For a parametrized model f(-;0) : X — R with parameters @ € R?, let %
be the parameter after T steps of noisy gradient descent (3.1.4) on the target
hs(x) = f(xs), with initialization py € P(RP), step sizes {ns}s>0, clipping
radius R > 0, and noise level 7.

Then there exists a constant C > 0 (depending only on f.), such that for
any ¢ € (0,1),

c
|hs — f(ag?s:)H%d > || fe = [, <k¢H2 — —d k£ (3.4.17)

with probability at least 1 — 6 over S ~ Unif(P([d], P)) and the noisy GD
randommness, provided

2 2
T <E> < %d" (3.4.18)

T

Thus, to outperform the predictor that only fit monomials reachable with
leap < ky, that is

lhs = FC 092, < 1fs — foalll —e = > af -,

noisy GD must satisfy
T(R/7)* > d*.

Applying this lower bound to the three example functions (3.4.13):
) hg): To achieve test error better than 1 requires T'(R/7)* 2 d°.
. hg): To achieve test error better than 5 requires T'(R/7)* 2 d.

o 1¥): To achieve test error better than 2 requires T(R/7)% > d®.
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More generally, consider the staircase function (with missing stairs):
h5<$) = Ty + Ly LiyTig + Lijg Ly =+ * Lig + Lijg Ly =+ * iy

Choosing the reference function g, to include progressively more ‘stairs’,
Corollary 3.4.7 implies the complexity threshold:

e To get test error < 4 requires T(R/7)* 2 d;
e To get test error < 3 requires T'(R/7)* 2 d?;
e To get test error < 2 requires T'(R/7)? 2 d°;
e To get test error < 1 requires T'(R/7)* 2 d*.

Thus, this lower bound describes a ‘hierarchical’ sequential learning pro-
cess where as the dynamics progress, one can learn more and more complex
monomials. When training a standard neural network with online SGD, we
observe empirically that each leap of size-k corresponds to passing a saddle;
empirical and theoretical evidence shows ©4(d™>*(1:#=1) steps are needed to
escape such saddles. This results in a saddle-to-saddle trajectory where most
of the dynamics is spent escaping the saddle with largest leap. See Figure
3.1 (from [AAM23]).

Matching upper bound. The sequential correlation-test algorithm learns
with complexity ©4(d*). This is an example of a Correlation Statistical
Query (CSQ) algorithm. In the next chapter, we show that the correlation
alignment complexity lower bounds the complexity of any CSQ algorithm.
Hence, the alignment complexity is sharp for CSQ.

What about noisy GD algorithms? Given a CSQ algorithm on binary
targets, Abbe et al. [AKM™21] shows how to construct a parametric models
f(+; @) such that SGD on squared loss emulates this algorithm. Adapting their
argument, one can build a (nonstandard) model with p = ©4(d*) parameters
on which SGD reproduces the sequential support-recovery algorithm, achiev-
ing T = O(d%) with R = 04(1) and 7 = O4(1); thus T(R/7)?> = O4(d¥),
matching the lower bound.

However, this algorithm uses a highly nonstandard and irregular model,
where the sequential support-recovery process is hard-coded in the model
architecture. For more standard neural networks—the ones that are relevant
for practice—, matching the alignment complexity in full generality remains
conjectural. Current rigorous results include:
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Figure 3.1: Test error versus the number of online SGD steps on a two-layer
neural network when the link function is f,(z) = %(zl + 2129 252129 - - 29+
2129 -+ - z14. The SGD dynamics follow a saddle-to-saddle dynamic, and se-
quentially picks up the support and monomials 2 in ©4(d) steps, 2; ... z5 in
O4(d*) steps (leap of size 4), z1 ...z in O4(d®) steps (leap of size 4), and
21... 214 in Og(d*) steps (leap of size 5). The figure is from [AAM23].

e k; = 1: two-layer neural networks learn with b-7 = ©,4(d) (with R = /d
and b = O(1) or b = ©4(d)) for almost every coefficients {ay }reu(r.)
via layer-wise training [AAM22].

e k; > 2: pure parity functions are learnable with 7' = ©4(d*') with
R =+/d and b = O(1) via layer-wise training [AAM23]. Certain other
staircase classes were shown to be learnable with same complexity us-
ing specialized updates (projected or sign GD) [AAM23, KCGK24].
Degree-2 parity admits 7' = ©(d) [Tel22, Gla23).



Chapter 4

Statistical Query
algorithms

In this chapter, we introduce the statistical query (SQ) model, a framework
originally proposed by Kearns [Kea98] for designing algorithms that are ro-
bust to noise. In the SQ model, learning algorithms only access data through
approximate expectations, instead of individual samples directly. Specifically,
they are restricted to querying quantities of the form

E(y.2)~p[0(y, T)],

for some query function ¢, and receive an approximate value up to some
specified tolerance. A wide variety of algorithms can be implemented in this
model, including many gradient-based methods.

The SQ model has become a popular framework in learning theory for
two main reasons:

e [t enables the design of noise-tolerant algorithms: any algorithm that
can be implemented in the SQ model is guaranteed to be robust to
small perturbations or statistical noise in the training data.

e It provides a convenient and powerful tool for proving lower bounds in
a wide range of settings. These bounds hold for any algorithm relying
only on low-precision expectations of the data, under adversarial or
worst-case noise assumption.

The goal of this chapter is to provide a concise introduction to the SQ
model. We start with its formal definition and basic properties, then present
several techniques for proving lower bounds within this framework. For a
more complete survey, we refer the reader to [Rey20] and references therein.

83



84 CHAPTER 4. STATISTICAL QUERY ALGORITHMS

4.1 Basic model and definitions

A helpful way to view the SQ model is as a restricted version of the standard
probably approzimately correct (PAC) model introduced by Valiant [Val84].
In the PAC model, the learner receives n i.i.d. samples (y;, ;) € Y x X drawn
from some unknown distribution P, and may use them arbitrarily to output
a predictor f: X — ).

In contrast, in the SQ model, the algorithm is not given direct access to
the samples. Instead, it can only access the distribution through approxi-
mate expectations of queries—functions ¢ : ) x X — [—1, 1]. Formally, the
interaction is mediated by an oracle: SQ algorithms issue a query to an oracle
which returns a value in some range.

Definition 4.1.1 (STAT(7) oracle). Let D € P(Y x X)) be the data distribu-
tion. Given a tolerance parameter T > 0, the statistical query oracle STAT(7)
takes as input a query function ¢ : Y x X — [—1,1] and returns a value in
the range:

Eplo(y, @) — 7, Enl(y, )] + 7. (4.1.1)

Importantly, any SQ algorithm can be simulated from i.i.d. samples using
empirical averages. By Hoeffding’s inequality, if ¢ is bounded in [—1, 1], then

B.lo(y. @) = 3" 0lue) € [Enloly. @)] - 7. Eofoly,@)] + 7],

with probability at least 1 — 9, provided that
log(2/0)

n >
Z—-
Thus, any SQ algorithm that makes g query calls to STAT(7) can be simulated

with probability at least 1 — 0 using

=0 (1)

T2

samples, by union bound. This motivates interpreting the tolerance param-
eter as 7 = 1/y/n.

Many variants of the SQ oracle STAT(7) have been introduced in the lit-
erature, including honest SQ [Yan05], multi-sample SQ [BKWO03], correlation

SQ [BF02], VSTAT [FGR™17], or differentiable learning SQ [JMS24], and we
will discuss some of them later in this chapter.
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Remark 4.1.2 (Importance of bounded queries). To ensure that the toler-
ance T is meaningful, the scale of the query function ¢ must be controlled.
Without such a normalization, one could trivially reduce the error tolerance
by scaling up the query function, or simulate multiple queries at once. A
common assumption is that queries lie in the unit ball of L™, i.e., ||¢]|~ < 1.
More generally, the oracle and query normalization are chosen so that they
can be efficiently sitmulated from samples.

SQ algorithms. In summary, a SQ algorithm A with ¢ query calls and
tolerance 7 (based on oracle STAT(7)) proceeds as follows. It takes a data
distribution D € P(Y x &) and operates in ¢ rounds:

e Ateachroundt =1,...,q, the algorithm A issues a query ¢; : Y x X —
[—1, 1] and receive a response v; from STAT(7), that is

lve — Ep[o(y, ®)]| < 7. (4.1.2)

The query ¢; is chosen adaptively, that is, it can depend on past re-
sponses vy, ...,V 1.

e After ¢ round, the algorithm outputs an answer A(D) based on all the
responses vy, ..., v, For example, A(D) is a predictor f: X — ).

We saw that any such algorithm can be implemented using O(log(q)/72)
samples. Thus, if a SQ algorithm can solve a problem with

e At most polynomially many queries;
e BFach query has tolerance at most polynomially small;

e We can compute ¢; from vq,...,v;_1 and evaluate ¢, efficiently;

Then the problem can be solved in polynomial time using i.i.d. samples.

Robustness to label noise. A key feature of the SQ model is that it guar-
antees robustness to certain types of label noise. For example, consider the
binary classification setting ) = {—1,1}, and suppose that labels are cor-
rupted independently with probability € [0,1): with probability 1 — 7, y is
drawn from D, and with probability 7, y is drawn uniformly at random. Let
D,, denote the corrupted distribution. Then for any query ¢, we have

En, [0y, 2)] = (1 - ))Enlo(y, 2)] + nEp | 5(6(1,2) + 6(~1,2))
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Thus, we can simulate the query oracle from corrupted data with estimator
1 U
—_— Z O(yi, i) — E(ﬁb(l; z;) + ¢(—1,x;)),

with probability at least 1 — 0 and sample size

ne O ((log(1/5) ) |

1 —n)*r?

Thus, the SQ framework gives us a way to design noise-tolerant algorithm,
which was the original motivation by Kearns [Kea98].

SQ lower bounds. One of the most appealing features of the SQ model
is that it provides a powerful framework for proving computational lower
bounds. In this model, lower bounds are established against a strong notion
of success: a SQ algorithm is said to succeed only if it performs well for every
sequence of valid oracle responses consistent with the allowed tolerance.

Example 4.1.3. Consider a class of distributions H C P(Y x X) and a loss
function £. The goal is to design an algorithm A that, for any distribution
D € H, outputs a predictor A(D) : X — Y satisfying

E(y2)~p [((y, A(D)(x))] < e.

An SQ algorithm s said to succeed if it achieves this quarantee for every
D € H, regardless of the specific (valid) oracle responses it receives. That is,
for any sequence of responses vy, ..., v, satisfying

v — Epldi(y, )l <7, for each query ¢y,
the algorithm must still output a predictor with test error at most €.

In other words, lower bounds in the SQ model are established against
adversarial or worst-case noise in the expectations, rather than typical sta-
tistical noise. This is a priori a much more pessimistic noise model than sta-
tistical noise from i.i.d. samples. Nonetheless, it makes proving lower bounds
against large classes of algorithm easier to prove, and remarkably, it often
matches the actual computational and sample complexity of the best-known
algorithms under sampling noise.
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Remark 4.1.4 (Hardness of noise-tolerant algorithms). In general, SQ lower
bounds are believed to capture the computational complexity of noise-tolerant
algorithms. Several (non-SQ) algorithms are known to perform much better
than these lower bounds in noiseless settings (see Remark 4.2.8). That said,
SQ lower bounds should be interpreted with caution. While they accurately
capture the complexity of many noisy learning problems, there are cases where
they are off (see Remark 4.2.8). Understanding when SQ lower bounds can
accurately capture computational hardness is an active area of research.

Interpreting SQ lower bounds. Lower bounds in the SQ model typically
come in two flavors:

e Query complexity lower bound: These show that any SQ algorithm
that succeeds at solving a problem must satisfy ¢/7> > B, where B is a
problem-dependent quantity. Since 7 < 1/4/n under empirical average
simulation (which requires 2(n) operations to evaluate), this can be
interpreted as a lower bound on the runtime of the algorithm. Note
that this lower bound rules out a continuous trade-off between number
of queries ¢ and tolerance 7.

e Tolerance upper bound: These typically show that if 7 > 1/ VB,
then any SQ algorithm requires an exponential number of queries. Un-
der the correspondence 7 = 1/4/n, this implies that if n < B, then no
efficient SQ algorithm can succeed. This is often interpreted as a lower
bound on the number of samples for polynomial-time (noise-tolerant)
algorithms to exist.

We will show examples for both flavors of lower bounds. Again, the
correspondence to runtime or sample size lower bounds should be interpreted
with caution—as indications of hardness and not definitive barriers.

A lower bound via second moment. As an illustration of the power of
the SQ framework, we present a simple SQ lower bound via a second moment
bound. More refined and stronger results will be presented in Section 4.3.
This lower bound will be on detection problems
[Should I call it decision problem? Many-to-one, composite ver-
sus simple, alternatives versus null.]

Consider the following detection or hypothesis testing problem: given a
class of target distributions H C P(Y x X) and a null distribution Dy & H,
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the goal is to decide whether the observed data is drawn from D, or from
some D € H:

H,: DewH, Versus Hy: D =D,. (4.1.3)

This detection problem is easier than the corresponding learning problem—
any algorithm that learns the class H (to sufficient precision) can also solve
the detection task. Therefore, a lower bound on the detection problem readily
implies a lower bound on learning. This reduction from learning to testing is
a common strategy for proving lower bounds (see discussion in Chapter 5 on
low-degree polynomial algorithms).

In this setting, an SQ algorithm A takes a source distribution D and
outputs a binary decision A(D) € {0,1}. We say that A succeeds if, for all
D € HU{Dy} and for any sequence of valid oracle responses, the algorithm
outputs:

A(D) = (4.1.4)

1 if DeH,;
0 if D =D,

To quantify the hardness of this problem, we define a SQ-alignment com-
plexity measure analogous to the alignment complexity used in Chapter 3 for
noisy gradient descent (Definition 3.2.1). For every D € H, let Lp := f—g)
denote the likelihood ratio, which we assume belongs to L?(D,) (see Re-

mark 4.1.8).

Definition 4.1.5 (SQ-alignment complexity). Let H C P(Y x X) be a class
of distributions, Dy € P(Y x X) a null distribution, and py a prior over
P € H. The SQ-alignment complexity of (uy, Do) is defined as

-1

Alignsq (13, Do) == | sup Epp, (Lo — L, 9)5, ]| . (4.1.5)
6llpy <1
where Lp := (f—go is the likelihood ratio of D with respect to Dy.

Theorem 4.1.6 (SQ detection lower bound). Let H C P(Y x X)) be a class
of target distributions and Dy € P(Y x X) a null distribution. Suppose there
exists a SQ algorithm that solves the detection problem (4.1.3) with q queries
and tolerance 7. Then for any prior uy € P(H), we must have

q/7* > Alignsq (s, D). (4.1.6)
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Proof. Fix a prior uy over H. The proof follows a standard SQ lower bound
strategy. By definition, the algorithm must succeed for every source distri-
butions D € H U Dy and every sequence of responses compatible with the
tolerance 7. Thus it is sufficient to display a deterministic sequence of queries
é1, ..., 9, and responses vy, . . . v, that are compatible between D and D, with
positive probability over D ~ piy,.

Let ¢1, ..., ¢, be the sequence of queries made by the algorithm A when
it receives responses v; = Ep, [¢:(y, x)]. This sequence of queries is fixed,
independent of D ~ 4, and consistent with source distribution Dy. Let
us show that unless the bound (4.1.6) holds, then this query sequence is
compatible with source D € H with positive probability over D ~ . We
have

Py, (3t € [a], [Ep[i(y, ®)] — Epy[di(y, ®)]| > 7)

—~
Q
~—

<q sup  Ppoy, (|Ep[é(y, )] — Ep,[o(y, x)]| > 7)

P YxX—[-1,1]

. 2

%) - Epeyi [IED[¢(y,w)2] Ep, [6(y, )]|?]

|¢llpe<1 4 (4.17)
@ a 4D ?
=5 |¢S||1;§)<1EDNMH Ep, Kd—%(y’w) - 1) ¢(yaw)] ]
) ¢ 1

ﬁAlignSQ(NHy Dy)’

where we used (a) a union bound over t € [g] and that ¢, € {¢p : Y x X —
R :||@|lec <1}, (b) that {¢: Y XX = R:||plec <1} C{od: Y x X > R:
|®]|z2(py) < 1} and Markov’s inequality, (c) the change of measure

Ep [6(y. )] = Ep, | <2 (y, 2)é(y, z)

dD,
and (d) the definition of the SQ-alignment complexity (4.1.5).

Hence, if ¢/72 < Alignsq (12, Do), then with positive probability over D ~
3¢, the responses vy, . . ., v, are compatible with both D and Dy. This implies
that the algorithm cannot distinguish between the null and the alternative
on at least one distribution in H, contradicting the assumed correctness of
the SQ algorithm. Therefore, we must have

q .
) > Aligngq (1424, Do),
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which concludes the proof. ]

The SQ-alignment complexity and the lower bound in Theorem 4.1.6
closely parallel the correlation alignment complexity and lower bound estab-
lished in Theorem 3.2.2 for noisy gradient descent (GD). There, we showed
that learning fails unless

R 2
k (?) > AlignCor(MHa DO)v

where k denotes the number of gradient steps, R is the clipping threshold on
the gradients, and 72 is the variance of the injected Gaussian noise. Notably,
the quantity 7/R in the noisy GD model plays the same role as the tolerance
parameter 7 in the SQ model where we ‘clipped’ the queries to R = 1.

In fact, we will show in the next section that the exact same lower bound

% > Alignce (13, Do),

with SQ-alignment replaced by the correlation alignment complexity, holds
for the restricted class of SQ algorithms known as the correlational statistical
query (CSQ) model (see Theorem 4.2.3).

It is worth emphasizing how much simpler the proof of Theorem 4.1.6
is under the S(Q) model—with adversarial noise—, compared to noisy GD
with additive Gaussian noise. The worst-case assumption makes the analysis
significantly cleaner since one can use any deterministic sequence of pertur-
bations, instead of having to track the accumulation of Gaussian noise, as in
the junk flow argument. In Section 4.4, we will revisit this connection and
show how the junk flow proof can be adapted to rederive the SQ lower bound
(4.1.6) under Gaussian additive noise, thereby connecting the two noise mod-
els for the alignment complexity lower bound.

Remark 4.1.7 (Randomized statistical dimension). From [Fell7] [Second
moment bound easy to compute. Could directly use first moment
and ¢ : Y xX — |—1,1]] [Tight characterization of detection, briefly
describe/

Remark 4.1.8 (Squared-integrable likelihood ratios). In our definition of the
SQ-alignment complicity, we implicitly assume that each D € H s absolutely
continuous with respect to Dy, and that the Radon—Nikodym derivative Lp =
;—21;0 belongs to L*(Dy). This square-integrability condition is an important,
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but often implicit assumption in the literature. Intuitively, it ensures that the
target distributions D € ‘H have ‘enough noise’ with respect to the null Dy.

This ‘noise’” assumption is necessary to derive meaningful SQ lower bounds
in regression settings: SQ algorithm are allowed to issue arbitrary bounded
measurable queries (which might not be efficiently computable) and without
such assumptions, arbitrarily complex query functions could be used to learn
otherwise hard problems. For example, Vempala and Wilmes [VW19] showed
that any finite class H of noiseless functions can be learned using just log |H|
queries of constant tolerance (better than the bound (4.1.6)), using non-
robust, complex queries. See also related discussions in [Vall2, SVWX17,
JMS24].

4.2 Correlation Statistical Queries

The lower bound in Theorem 4.1.6 provided a simple illustration of the
SQ framework, but more involved arguments are needed to obtain sharper
bounds—particularly, upper bounds on the tolerance parameter 7.

Before turning to those in Section 4.3, we examine a simpler and natural
subclass of SQ algorithms known as the correlation statistical query (CSQ)
model, introduced by Bshouty and Feldman [BF02]. The CSQ model is a
restricted version of the SQ model in which queries are limited to correlations
between the label and a function of the input. This restriction makes the
model easier to analyze, while still capturing the behavior of many important
algorithms. In particular, the CSQ model often yields lower bounds that are
easier to apply and interpret.

Definition of the CSQ model. In the CSQ model, queries are restricted
to functions of the form ¢(y,x) = y - ¢(x), for some ¢ : X — [—1,1]. In

particular, this implies that the algorithm only interacts with the regression
function h(x) := E[y|x], since Elyo(x)] = E[h(x)o(x)].

Definition 4.2.1 (CSQ(7) oracle). Let D € P(Y x X) be the data distribu-
tion. Given a tolerance parameter T > 0, the correlation statistical query
oracle CSQ(7) takes as input a query function ¢ : X — [—1,1] and returns a
value wn the range:

Eplyé()] — 7, Enlys(@)] + 7] (4.2.1)
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[In order to be implementable by SQ we need bound ||y|/~. More
generally, we need a tail bound to ensure that we can implement
from samples efficiently:.]

Several important algorithms naturally operate within the CSQ model.
Consider, for instance, gradient descent on the squared loss:

Ru(0) == (v — f(2::0))°,
i=1
with model parameters 8 € RP. At each step, GD performs the update
0k+1 _ 01{: . Veﬁn(ek)
2 2
:Ok “ } Zak‘ _“ Zek Zek 9
+ nZy Vof(w:;6") n;f(:v 0" Vef(z:6").  (4.22)

\ 7 A\ 7

depends on labels (CSQ) does not depend on the labels

The first term is a vector of p CSQ queries (one per parameter), and the
second term depends only on the input distribution. Therefore, gradient
descent on squared loss with T steps can be implemented using pT CSQ
queries, each with tolerance 7 &~ 1/4/n. If the loss is not a squared loss
(or logistic loss), the queries are not CSQ anymore, but still fall within the
general SQ model.

Remark 4.2.2 (Data reuse). If the same data is reused at each step, gradient
descent can implement ‘sample extraction’ [AKM* 21] and vastly outperform
SQ lower bounds in noiseless settings. However this requires a very non-
standard model f(-;0). In the online setting (no data reuse), we expect CSQ
to correctly capture the performance of gradient algorithms in many settings.

SQ versus CSQ. In general, the CSQ model is strictly weaker than the SQ
model. However, under certain conditions, the two models are equivalent.
Specifically, if the labels are binary values |)| = 2 (binary classification) and
the input distribution Px is fixed, then any SQ query can be simulated by
a CSQ query. To see this, let J = {a,b}. Then any function ¢(y,x) can be
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decomposed as

oy, x) = dla, )22 + p(b, x) "2

a—2>b a—2>b
1 1 4.2.
= ——yléla,@) - o(b,@)] + —[ad(b x) — bo(a,x)] . (12F)
a=b L azh y
CSQ‘guery does not depe?la on the labels

Thus, any SQ query can be expressed as the sum of a CSQ query and a term
that depends only on the input distribution. Therefore, any SQ algorithm
can be simulated by a CSQ algorithm in this setting. To show SQ lower
bounds, it is sufficient to show a lower bound on CSQ algorithms.

However, this equivalence breaks down in more general settings:

e When |Y| > 2, SQ algorithms are strictly more powerful than CSQ
algorithms. We illustrate this gap when learning single-index models
and sparse functions, where super-polynomial separations can appear.

e Even with binary labels, if the input distribution P, is not fixed (i.e.,
in the distribution-free setting), SQ can outperform CSQ. For instance,
Feldman [Fell1] shows that linear threshold functions are SQ-learnable
but not CSQ-learnable in the distribution-free model.

Alignment complexity. First, let us return to the detection problem (4.1.3)
and derive a lower bound for the restricted class of CSQ algorithms. As-
sume a fixed input distribution Py € P(X), and suppose that both the
null distribution Dy and all target distributions D € H share this marginal
on X. In this setting, we can identify each distribution with its corre-
sponding regression function: h(x) := Eply|z] € L*(Py) for D € H, and
g(@) = Ep,[ylz] € L2(Py)

We recall the correlation alignment complexity from Definition 3.2.1: for
a prior uy € P(H) over regression functions,

-1

AlignCor(M’Ha g) - sup Ehwuy [<h -9, ¢>I2P>X]
[#lle, <1

We now state the CSQ analogue of Theorem 4.1.6.

Theorem 4.2.3 (CSQ detection lower bound). Fiz an input distribution
Py € P(X). Let H C L*(Py) be a class of regression functions, and g €
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L*(X) the regression function of the null distribution. Suppose there exists a
CSQ algorithm that solves the detection problem (4.1.3) with q queries and
tolerance 7. Then for any prior uy € Py, we must have

q .
— = Aligneer (i, 9)- (4.2.4)

Proof. This result follows from the same argument as in Theorem 4.1.6, with
only difference the upper bound in (4.1.7):

Py, (3t € lq], [Eplydi(x)] — Ep, [ydi(x)]| > 7)

<L s B, [Bolys@)) - Enfuota)]f
=55 S B [Bey [(h(2) ~ 9(2) ()]
q 1

72 Alignco, (134, 9)

The rest of the proof is exactly the same. []

Statistical Query dimension. We now present a classical method for prov-
ing CSQ lower bounds, via the statistical query dimension of the target func-
tion class. This dimension is usually defined for binary classification, but we
present a natural extension to regression settings.

Definition 4.2.4 (Statistical Query dimension). Let Py € P(&X) be an input
distribution and let H be a class of functions h : X — R with ||h|p, < 1.
The statistical query dimension (SQ dimension) of H is the largest integer
N such that there exist N functions {hi,...,hy} C H satisfying:

Ihillen =1, and (i he ] < 5. foralliZj. (425)
Intuitively, if a function class contains many nearly orthogonal functions,
then any algorithm accessing only noisy correlation queries must spend sig-
nificant effort to distinguish between them. Specifically, the next theorem
implies that if H has SQ dimension N, then any CSQ algorithm will need at
least ¢/72 = Q(N) query complexity to distinguish them.
In fact, this could already be derived from the correlation alignment com-
plexity: for g uniform over the set of N functions (4.2.5), one can show that
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Alignco, (13, Py) = Q(N) (thus, CSQ requires Q(N) queries to distinguish all
h € H from the null regression function). However, the following result will
give a stronger, quantitative lower bound for CSQ algorithms:

Theorem 4.2.5 ([Sz609, Theorem 5]). Let Py € P(X) be an input distri-
bution, and let H be a class of functions containing N functions hy,..., hy
satisfying:

|hjlle, =1, and [(hi, hj)p| <€, Vi#je€[N] (4.2.6)

Suppose a CSQ algorithm A makes q queries of tolerance T, such that, for
any target function h € H, it outputs a predictor A(h) : X — R. If

?—c

2
q<N : and N > - (4.2.7)
2 g’
then we must have
sup ||A(h) — k5, > 1 — 2e. (4.2.8)
heH

Proof. Let us first outline the proof strategy. The core idea is to show that if
q is too small, CSQ algorithms with at most ¢ query calls cannot distinguish
between all N functions h;. Let us sketch the main steps:

Step 1: Each query with tolerance 7 allows to rule out the functions h; whose
correlation is not 7-close to the response. We show that each query
eliminates at most 1/(72 — ¢) functions, so that after ¢ < N(72 — ¢)/2
quenes we ruled out at most N/2 functlons Thus, there exists a subset

— {hy,...,hi} of k > N/2 functions that are compatlble with all ¢
responses of the CSQ algorithm.

Step 2: For these k mdlstmgulshable functions, the algorithm must output
the same predictor h, := A(h;), for all h; € H. We show that this
implies that

sup || A(h) — k|3, > max ||k, — EZH?@X >1—2e.
heH iclk]

Step 1: Let us bound how many hypotheses are eliminated by each query.
The noise is adversarial and it is not enough to consider a deterministic
sequence of answers. Let’s simply fix v; = vy... = v, = 0 and the associated
deterministic sequence of queries ¢y, ..., @,.
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For each t € [g|, define
S = {i € [N] 1 |[Ep, [hi(z) ()] > 7},

so that S; C [N] are the indices of all the h;’s that we are able to rule out at
step t. Denote N; := |S;| and s; ; = sign((h;, ¢+)p, ). By definition of S,

NtT < Z Sj,t<hj7 ¢t>]P)X

JES;
< llérllen || D sithy
JES Py
< DMl + D siasielhy, ha)ey,
jESt Z?éjest

where we used Cauchy-Schwarz inequality and [|¢¢]|p, < [[@t]lc < 1. Squar-
ing both sides of the inequality and assumption (4.2.6), we deduce that

1

(NtT)Q < Nt + (Nt)2€ = Nt < .
T2 —¢€

Hence, the total number of eliminated functions after ¢ queries is at most:

q
ZNtS 2q :

T2 —¢
t=1

If ¢ < N(7% — €)/2, this is at most N/2, so at least N/2 functions remain
compatible with all ¢ responses.

Step 2: Let Bl, e ﬁkoe the indistinguishable functions, with k& > N/2.
Since A(hy) = ... = A(hy) = h,, we have

sup [ A(h) = hllz, > max ||h. — hillf,

heH i€[k]
> in max h—iLi 2
> 2B ey I Pl
1 k
> in — h — ;|2
in 7D b= Bl
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This last equation is minimized at %Z?zl l~zj. Expanding the square and
rearranging the terms, we obtain

2 k k

k k
1 ~ 1 ~ 1 ~ 1 -~ -
EZ hi — Ezhj = EZ Ihille, — > (i hy)e,
i=1 i=t lp, i=1 ij=1
1 1 ~ -
=l-7-0 > (his e,
i#]
(a) 1
Z 1— E — &
(0) 2
> 1— N — &
(c)
> 1—2¢,

where we used (a) |(h;, hj)p,| < ¢ by assumption, (b) k& > N/2, and (c)
N > 2/e by assumption. This concludes the proof of this theorem. [

This theorem implies that if the SQ dimension of H is at least N, then
any CSQ algorithm requires at least

queries to achieve squared test error below 1 —4/N. However, Theorem 4.2.5
allows to derive more general lower bound by fixing € and N independently.
For example, suppose there exist exponentially many functions in H satisfy-
ing (4.2.6) with ¢ = 1/B. This implies that H is not CSQ-learnable unless
2 = O(1/B) (that is n = Q(B)). We will see an example of such a lower
bound when considering single-index models in Section 4.5.

Weak versus strong learning. Theorem 4.2.5 characterizes the complexity
of weak learning in the CSQ model—that is, achieving performance strictly
better than a trivial predictor (e.g., the algorithm that always output the 0
function, which achieves squared test error equal to 1).

This result is essentially tight for weak learning of binary functions. Let
H be a class of functions h : X — {£1} and consider a maximal subfamily
of functions H = {hy, ..., hy} satistying |(hi, hi)p,| < ¢ for all i # j. Thus
for any function h € H, there exists h; € H such that |(h;, hj)p,| > €. Fix
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T = £/3, compute the correlation with the N functions in H and select the
function with response |v| > /3. By construction, it is guaranteed to have
absolute correlation at least /3.

However, weak learning does not imply strong learning—achieving arbi-
trarily small test error—in the distribution-specific case. Various alternative
of ‘strong’ SQ dimension have been introduced to capture strong learnability.
We refer the reader to [Sz609, Fel12] for discussions.

Remark 4.2.6 (SQ dimension versus Dimension LB, weak learning). [TBD]
Weak learning between CSQ and kernel methods. If SQ) dimension N, needs
q/m* = Q(N) to learn with edge 1/N. taking these N functions, we get
dimension lower bound QU(N). LB on query complexity versus number of
samples. But one is adaptive, and strong learning very different.

Example of parity functions. We illustrate the SQ dimension with a
canonical example: learning parity functions. Let X = {£1}? with uni-
form distribution Py = 14 = Unif({#£1}9) and consider the class of all parity
functions:

H = {Xg(:n) = sz S C [d]} : (4.2.9)
€S
Since H consists of binary-valued functions, learning H with CSQ or SQ are
equivalent in this setting.
The class H contains 2 orthogonal functions with unit norm (see Defini-
tion 2.4.16). Thus, its SQ dimension is exactly 2¢. Applying Theorem 4.2.5
immediately yields the following classical result:

Theorem 4.2.7 (SQ-hardness of learning parities [BFJ 794, Kea98]). Any SQ
algorithm that learns parity functions under the uniform distribution over the
hypercube must make at least 229 query calls or have tolerance T = 244,

More precisely, Theorem 4.2.5 implies that no SQ algorithm can achieve
nontrivial prediction error unless ¢/72 = Q(29). We can also consider the
class of k-sparse parity functions, defined as:

Hi = {xs:S Cld],|S| =k}, with SQ dimension |Hy| = (Z)

This yield a lower bound ¢/72 = Q(d*) (for k fixed).
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Remark 4.2.8 (Hardness of learning parities). Does this SQ lower bound
reflect the true complexity of learning parity functions?

o (Efficient learning without noise.) Parities without noise can be learned
efficiently using non-SQ algorithms. Indeed, each xs corresponds to
a linear function over Zy: writing § = (y + 1)/2 € {0,1} and z =
(x+1)/2 €{0,1}4,

= %)Jrl —2"¢ mod 2, c = (1[i € S))iciq-
Thus, given n labeled examples, one can solve the linear system y = Zc
over Zsy, where Z € {£1}"4 and g € {0,1}" are the n samples trans-
formed as above. As soon asn = Q(d), with high probability this system
15 1nvertible and Gaussian elimination recovers ¢ efficiently. Howewver,
this method is not robust and fails as soon as there is some noise in the
labels: 1t 1s not noise-tolerant and does not fall within the SQ model.

e (Noisy settings.) Does SQ correctly captures the complexity of noise-
tolerant algorithms? Not quite. Blum, Kalai, and Wasserman [BKW03]
showed that noisy parities are learnable in time 29/ 1°89) which is much
better than the 249 bound in Theorem 4.2.7. However, in many noisy
settings, SC) correctly captures learning hardness.

As an application of Theorem 4.2.7, let us show SQ hardness of learning
two-layer neural network under the uniform distribution over the hypercube.
We first show that parity functions can be represented exactly by two-layer
neural networks with ReLu activations.

Lemma 4.2.9. Any parity function xs(x) with |S| = k can be represented
by a two-layer neural network with ReLu activation and k neurons.

Proof. Let X =) . qx;. Observe that we can write

vs(@) = [Tz = a(X),,

1€S

where gy is the sawtooth function depicted in Figure 4.1 with gi(k — 2i) =
(=1)" for i = 0,..., k. One can verify that

k—1
ge(X) = (=1DF + (="M (X + )y +2) (D)X + k- 20),, (4.2.10)
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NAA A A/
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Figure 4.1: Sawtooth function g;(X).

which expresses g,(X) as a linear combination of k ReLu activations. Finally,
note that we can write X = (1g, ) where 1 = (1[i € S]);e[g. Thus substitut-
ing X = (1g, ) in Equation (4.2.10) yields the desired representatlon. O

Define Honn i to be the class of two-layer neural networks with ReLu
activation and £ neurons. The previous lemma implies that H; € Hann i, SO
the SQ dimension of Honn i is at least (Z)

Corollary 4.2.10. The class Haonn,i @5 not SQ-learnable under the uniform
distribution over the hypercube whenever k = wq(1).

Note that this lower bound holds even for improper learning. Compare
this with the hardness result of Klivans and Sherstov (Theorem 1.5.4, Chap-
ter 1), which shows that intersections of halfspaces—and hence two-layer
ReLU networks (with ReLu output) and k£ = d° neurons (it can be improved
to k = wy(1) [DLSS14])—cannot be learned in polynomial time under the
assumption that SVP is hard. That result rules out any polynomial-time
algorithm (not just SQ) but holds in the worst case over the input distribu-
tion. In contrast, our SQ lower bound applies to algorithms that work under
a fixed input distribution (uniform over the hypercube), but only rules out
statistical query algorithms.

4.3 Lower bounds via Statistical Dimension

In the previous section, we saw that we can study the SQ complexity of binary
classification by restricting ourselves to CSQ algorithms. In that setting,
proving lower bounds (for weak learning) reduces to identifying a set of nearly
orthogonal functions. This idea led to the notion of SQ) dimension.
However, in more complex settings such as real-valued labels, the CSQ
model is much less powerful than the SQ model, and the SQ dimension fails to
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capture SQ complexity. In this section, we will show that a closely related idea
extends to the general SQ framework: proving lower bounds reduces again
to identifying a set of distributions—but now with likelihood ratios that are
nearly orthogonal. This leads to a generalization of the SQ dimension known
as the statistical dimension with average correlation (SDA), introduced by
Feldman et al. [FGR"17].

We follow the framework developed in [FGR"17], which provides a uni-
fied approach to proving SQ lower bounds across a wide range of problems.
In particular, it introduces the notion of search problems over distributions,
which includes most standard learning tasks, such as regression, hypothesis
testing, and strong learning. Our goal in this section is to convey the main
ideas behind this framework rather than to state the most general or tightest

results. For further refinements, generalizations, or applications, we refer the
reader to [FGR"17, FPV15, Fell7].

Distributional search problems. We start by formally defining the class
of problems we will consider in this section:

Definition 4.3.1 (Search problems over distributions). Fiz a domain Z
(measurable space). A search problem over distributions is defined by

(i) A set of distributions H C P(Z);
(ii) A set of solutions F;
(i) A mapping ¢ : H — 27.

For D € H, ¢(D) C F is the (non-empty) set of valid solutions given D.
The distributional search problem (H,F, ) corresponds to finding a valid
solution f € ¢(D) given access (to an oracle or samples from) an unknown
D e H. Wewill use Hy == {D € H : f € ¢(D)} to denote the set of
distributions D for which f is a valid solution.

Supervised learning is a special case of this search problem: let Z = Y x X
be our domain and consider F C Y% a class of models f: X — ). Given a
loss ¢ and an accuracy € > 0, we define the set of valid solutions to be

p(D):={f € F:Eplly, f(x))] < ¢} .

In other words, the goal of the distributional search problem here is to find a
model f € F with test error at most ¢ given data from an unknown D € H.
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Example 4.3.2 (Detection problem). Consider the detection problem (4.1.3)
with H = Hy U {Dy}, where Dy is the null and Hy is the set of alternative
distributions. In this case we can set F = {0,1} and ¢ : H — 27 as

B {1} if D € Haq,
SO(D){{O} if D =Dy

The search problem in Definition 4.3.1 includes many other popular classes
of problems, such as random constraint satisfaction or stochastic optimiza-
tion. See [FGR™17, Fell7] for further examples and applications.

Statistical dimension for detection. We will characterize the SQ com-
plexity of solving (H, F, ) as the hardest detection problem implicit in the
search problem. The idea is that if an algorithm can solve the search prob-
lem, then for any subset H; C ‘H and null Dy € P(Z) (sufficiently different
from H;), the algorithm can distinguish between H; and Dy.

This is a common approach for proving lower bounds in general, and
[Fell7] argues that it is essentially tight: the hardest detection problem is
(roughly) as hard as the search problem. Therefore, we start by proving a
lower bound on general detection problems. The lower bound on the search
problem will be obtained by taking the worst of these lower bounds over all
possible detection problems implicit in that search problem.

Below, we define the statistical dimension with average correlation (SDA)
which will capture the difficulty of the detection problem. The difficulty of
distinguishing an alternative D; from a null Dy is controlled by

dD dD
Ep,[¢] — Ep,[¢] = Ep, [d—D(l)(b} — Ep,[¢] = <d—D(1) — 1,¢5>D .

This naturally leads to the definition of relative pairwise correlations.

Definition 4.3.3 (Average relative correlations). Given two distributions
D1, Dy € P(Z) and a reference distribution Dy € P(Z), their relative pair-

wise correlation is defined by
dby  dDy N /dDy dDe
dDy, 7 dDy p,|  |\dDo dDy/p |

The average correlation p(H,Dy) of a class H relative to Dy is defined as

p(H, Do) ::ﬁ S 0, (D1, D). (4.3.2)

Dl,DQEH

X, (D1, Ds) = (4.3.1)
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In particular, if we can find a set of IV distributions such that xp,(D;, D;) <
C and xp,(D;,D;j) < 1/N for all i # j, then p(H,Dy) = O(1/N) (see later
Definition 4.3.11 of pairwise (v, §)-correlation).

Definition 4.3.4 (Statistical dimension, detection). For domain Z, a finite
set of distributions H C P(Z), and a reference distribution Dy € P(Z), the
statistical dimension of H relative to D with average correlation 7y is defined
to be the largest value d such that for any subset H C H with |H| > |H|/d,
we have p(H, Do) < 7. We denote it by SDA(H, Dy, 7).

Proposition 4.3.5 (SDA lower bound, detection). Let H = H; U {Dy} C
P(Z) be a detection problem with null Dy and a finite set of alternatives H.
For~ >0, if an SQ algorithm solves this problem with q queries and tolerance
V7, then we must have

q > SDA(H1, Dy, 7)- (4.3.3)

Proof. This result follows from the same argument as in the proof with SQ
dimension (Theorem 4.2.5). Denote d = SDA(H1, Dy, 7).

Let’s consider the sequence of queries ¢i,...,¢, associated to the re-
sponses v; = Ep,[¢:] (exact responses of the oracle under Dy), and upper
bound how many hypotheses in H; are eliminated after ¢ queries. For each
t € [q], we define again

Sy = {D € Hi : |Ep[¢i] — Ep,[¢4]| > ﬁ} ;

that is, the subset of H; that we are able to rule out with query ¢;. Denote

Lp = % and let s, p = sign((Lp — 1, ¢;)). By definition of S,
1StV < Z sip{Lp — 1, ¢1)p,
DeS,
Z St,D, St D, <Lpl 1 LD2 — 1 < |St‘\/ St,DO
D17D2€St

Therefore ¥ < p(St, Dy) and we must have |S;| < |Hi|/d: indeed, if |S;| >
|H1|/d, then by definition of SDA, we would have p(S;, Dy) < 7.

Thus, any SQ algorithm rules out at most g|H;|/d distributions using ¢
queries. If the SQ algorithm distinguishes between all D € H; and Dy, then
we must have q|H1|/d > |H1|, that is, ¢ > d, which concludes the proof. [J
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Statistical dimension for search. We are now ready to present the general
lower bound for any search problem. We define the statistical dimension of
the search problem by reducing it to the worst statistical dimension over
detection problems.

Definition 4.3.6 (Statistical dimension, search). For domain Z and search
problem (H, F, ), the statistical dimension of (H, F,¢) with average corre-
lation 7 1s defined to be the largest value d such that there exist a reference
distribution Dy € P(Z) and a finite set of distributions H C H with the fol-
lowing property: for any solution f € F, the set Hf = H \ H is non-empty
and SDA(H', Dy, 7) > d. We denote it by SDA(H, 7).

Intuitively, SDA for search problems is the worst SDA over ‘well-posed’
detection problems H C H versus Dy € P(Z). Specifically, if an SQ algo-
rithm output solution f € F on the null Dy, then f is not a valid solution for
any of the alternatives f & (Upey ©(P). Thus an SQ algorithm that solves

the search problem must distinguish between Dy and H.

Theorem 4.3.7 (SDA lower bound, search). Let (H,F,¢) be a search prob-
lem with H C P(Z). For~ > 0, if an SQ algorithm solves this problem with
q queries and tolerance /7, then we must have

q > SDA(H, 7). (4.3.4)

Proof. Let Dy € P(Z) and H C H be a set of distributions that achieve
d = SDA(H,7) in the Definition 4.3.6. Let A be a SQ algorithm that uses ¢
queries of tolerance /7 to solve (H,F, ). Consider the sequence of queries
¢1, - .., ¢4 associated to the responses v; = Ep,[¢:], and let f € F be the
output of A after seeing these ¢ responses. Let Ho=H \ Hy, so that f
is not a solution to any of the alternative distributions /. Thus A must
solve the detection problem H/ versus Dy. By definition of SDA, we have
SDA(’;':[f, Dy, 7) > d. Thus, applying Proposition 4.3.5, we must have ¢ > d,
which concludes the proof. ]

The above definition of SDA looks abstract and intimidating. We will
show at the end of this section a simpler notion, based on pairwise correla-
tions, which is easier to apply and will be sufficient in many settings.
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VSTAT oracle. By Hoeffding’s inequality, we saw that the STAT(7) oracle
can be computed using an empirical average over O(1/72) samples. However,
if ¢ is very biased, e.g., ¢(y, ) = 0 with high probability, O(1/72) is too
pessimistic and we can implement the oracle with far fewer queries.

To make the correspondence between the number of samples n and the
tolerance T more precise, Feldman et al [FGR17] proposed a strengthening
of the STAT oracle which incorporates the variance of the query:

Definition 4.3.8 (VSTAT(t) oracle). Let D € P(Y x X) be the data distri-
bution. Given a parametert > 0, the oracle VSTAT(t) takes as input a query
¢:Y x X —[0,1] and returns a value in the range [p — 7,p + 7] where

p=Epl¢], and T:max{%, M} (4.3.5)

First, note that the value returned by VSTAT(#) is always within 1/v/¢

from the expectation and the range is always at least 1/t. Thus VSTAT(¢)

is no weaker than STAT(1/4/t) and no stronger than STAT(1/t). Second,

p(1 — p)/t corresponds to the variance of the empirical mean with ¢ samples

when ¢(y,x) € {0,1} is boolean. More generally, for any ¢ : ) x X — [0, 1],
the variance of the empirical average is upper bounded by

- GZ qﬁ(yi,wi)) _ Eple?] ~Eolol _ Eold] ~ Eolo* _p(1-p)

n n n

Thus, we can interpret VSTAT (¢) as incorporating variance information about
the query, with ¢ the number size.

Remark 4.3.9 (Analyzing VSTAT). The oracle VSTAT is more complez to
analyze than STAT: the expression is asymmetric in the response and p =
Ep|¢], and the range depends on the data distribution through p. Howewver,
Feldman [Fel17] showed that VSTAT(t) is equivalent (up to a factor 3) to a

simpler oracle that outputs a response |\/v — \/Ep[¢]| < 1/v/t. This version
is often much easier to analyze (see [Fell7, Lemma 5.2]).

The proof of Proposition 4.3.5 can be adapted to VSTAT(¢) oracle (see
[FGR*17, Lemma 3.3]) to obtain the same lower bound ¢ > SDA(H1, Dy, 7)
for SQ algorithms that make ¢ query calls to VSTAT(1/(3%)). In particular,
we immediately obtain the following lower bound for search problem with

VSTAT oracle:
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Corollary 4.3.10 (SDA lower bound on VSTAT [FGR"17, Theorem 3.2]).
Let (H,F, @) be a search problem with H C P(Z). For 5 > 0, if an SQ
algorithm solves this problem with q query calls to VSTAT(1/(37%)), then we
must have

q > SDA(H, 7). (4.3.6)

Pairwise correlation. Finally, we introduce a simpler notion than SDA,
that is more similar to our definition of the SQ dimension in Section 4.2.
While SDA is based on average correlations, the following definition impose
a bound on every pairwise correlation:

Definition 4.3.11 (Relative pairwise (v, §)-correlation). We say that a set
of N distributions H = {D1,...,Dn} is (v, B)-correlated relative to a distri-
bution Dy if:

B fori=jelN]

v fori#jelN].

The statistical dimension with (v, 8)-correlation of a detection problem
‘H, versus Dy is the largest IV such that there exists a subset H; C H; of size
N that is (v, 8)-correlated relative to Dy. We denote it SDC(H1, Dy, , 5).
We can similarly define a statistical dimension for search problems:

‘XDO(D% DJ)‘ < {

Definition 4.3.12 (SDC with (v, §)-correlation). The statistical dimension
of (H,F,@) with (v, B)-correlation is the largest value N such that there
exist Dy € P(Z) and a finite set H C H with the following property: for
any solution f € F, the set H/ = H \ Hy has size |H/| > N and is (v, B)-
correlated relative to Dy. We denote it by SDC(H, v, ).

The statistical dimension with (v, #)-correlation implies a lower bound on
the statistical dimension with average correlation:

Lemma 4.3.13 ([FGR"17, Lemma 3.10]). Let H be a set of N distributions
that is (v, B)-correlated relative to Dy. Then, for every 5 > -,

SDA(H, Dy, 7) > N2 —1. (4.3.7)
B
Proof. Denote d = N(7 —~v)/(8 — ). Let us show that SDA(H, Dy, 7) > d:

for any set of distributions H C H with

H_N_B-n

| >
H > ==

, (4.3.8)
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we have

~ 1
p(H, Do) = = > |xn,(D1, )| <

[H? ;
Dl,DQEH

B—
H|

+v =7,

.

where we used (4.3.8) in the last inequality. This concludes the proof. O]

In particular, this immediately imply the same lower bound on SDA for
search problems: SDA(H,%) > N(7 —~)/(8 — 7). Thus, together with The-
orem 4.3.7 and Corollary 4.3.10, we obtain the following lower bound based
on statistical dimension with (v, )-correlation:

Corollary 4.3.14 (SDC lower bound, search [FGR"17, Corollary 3.12]).
Let (H,F,¢) be a search problem with H C P(Z). For~,5 > 0, let N =
SDC(H,~, ). For any 7 > v, any SQ algorithm requires at least

Y=
q> N—
f=n
query calls to STAT(y/7) or VSTAT(1/(3%)) oracles to solve (H,F,p).

Hence, to show a SQ lower bounds on search problems (with either STAT
or VSTAT oracle), it is sufficient to identify a set of distributions H C H and
a reference distribution D, such that

o H is (v, f)-correlated relative to Dy;
e For any solution f € F, |H\ Hs| > N.

We will show an example of such a construction in Section 4.5 when studying
Gaussian single index models.

4.4 SQ and noisy gradient descent

Before turning to examples, we briefly return to the connection between noisy
GD and SQ algorithms discussed in Section 4.1. These two frameworks can
be viewed as learning under restricted access to data with two different noise
models: additive Gaussian noise for noisy GD and additive adversarial noise
for SQ. Both are meant as simplified models to capture statistical noise.
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Among the two, the SQ model represents a more conservative choice. In
particular, any algorithm that succeeds with adversarial SQ access is guar-
anteed to succeed under statistical (or Gaussian) noise—but not vice versa.
While Gaussian noise and statistical noise are generally incomparable, the
Gaussian model appears to be a more realistic assumption in certain scenar-
ios, such as online learning, where fresh independent samples are drawn for
each query. In such settings, Gaussian noise may offer a more accurate model
than adversarial noise.

In this section, we further develop the connection between Gaussian and
adversarial noise models. Recall that Theorem 4.2.3 showed a similar lower
bound for CSQ algorithms as for noisy GD, in terms of a correlation alignment
complexity. We extend this connection in two directions:

e We define a new SQ oracle based on additive Gaussian noise and adapt
the junk flow technique to prove lower bounds against algorithms ac-
cessing this oracle. This generalizes the hardness results for noisy GD,
ruling out a broader class of algorithms under the Gaussian noise model.

e Conversely, we establish an alternative lower bound on noisy GD by
reducing a CSQ algorithm to noisy GD and transferring CSQ lower
bounds to noisy GD. Although this yields a looser lower bound than
the direct junk flow argument, it illustrates an interesting approach:
transferring hardness across different restricted models of computation
via reductions.

Gaussian statistical query oracle. We consider the following oracle which
replaces the adversarial noise from STAT(7) to additive Gaussian noise.

Definition 4.4.1 (GSQ(7) oracle). Let D € P(Y x &) be the data distribu-
tion. Given noise level T > 0, the Gaussian noise oracle GSQ(7) takes as
input a query functions ¢ : Y x X — [—1,1] and returns a random value with
distribution

v ~ N (Epl¢], 72). (4.4.1)

A (deterministic) GSQ algorithm with ¢ queries is determined by ¢ func-
tions ®; : RI™1 — [—1,1]Y*Y, which given previous responses vy, ..., v 1
outputs a new query function ¢; := Pp(vy,...,v1) : Y x X — [—1,1],
and an output function A : R? — F, which given all ¢ responses vy, ..., vy,
outputs a solution A(vy,...,v,) € F. Given a source distribution D, de-
fine sequentially the random query functions ®;(D) and the random scalar
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variables v(D) as ®4(D) := &y(v1(D),...,v:_1(D)) and v¢(D) the output of
GSQ(7) with input ®,(D). In particular

(D) g,ip) ~ N (Ep[®:(D)], ).
Further, denote A(D) the random variable in F as
A(D) := A(v1(D),...,v,(D)).

We show a lower bound on detection with GSQ algorithms analogous to
Theorem 4.1.6 with adversarial SQ noise.

Theorem 4.4.2. Let H C P(Y x X) be a class of target distributions, uy a
prior on H, and Dy € P(Y x X) a null distribution. For any n € (0,1) and
any GSQ algorithm A with q queries and noise level T, if

q :
i 4a° Alignsq (1, Do), (4.4.2)
then, there exists a joint coupling between A(D) and A(Dy) such that
Py, am),AD) [AD) = A(Dp)] 2 1 — 1. (4.4.3)

Proof. This result follows by a straightforward adaptation of the proof of
Lemma 3.2.4. We can write

KL(L(A(Do))[|£(A(D)))

= S Bty [KL (£ (D)D) = B[ [£(1(D) (D) = 0,))
=0
1 )
— 2_7_2 ZE@NE(@(DO)) [(ED[(I)t] - EDO[(Dt]) } .
t=0

By change of measure and definition of Aligngq,

Ep~ i Bd,~(®,(Dy)) [(ED (@] — EDo[q)t])Q}

< “djup Ep-yy [{(Lp —1,8)p,] = Alignsq (s, Do) ™"
Dy <1

Thus we obtain the upper bound

q 1
Ep-yin [KLILAD)[[L(AD))] < 55 - Aligneq (i Do)

The rest of the proof is identical to the proof of Lemma 3.2.4. ]
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In other words, any GSQ algorithm fails to distinguish between D and D
with probability at least 1 —  over D ~ uy and the Gaussian noise in the
queries, when

q/7° = O (0°Alignsq (s, Do)) -

This is the same query complexity as for SQ model (Theorem 4.1.6).

However, the lower bound based on SDA in Proposition 4.3.5 heavily
relies on the adversarial noise assumption and deterministic responses: GSQ
requires taking an union bound over h € H, which makes the bound vacuous
in this model.

Reduction from CSQ to Noisy GD. We consider a reduction from CSQ
to noisy GD, but the same argument readily gives a reduction from the SQ
model to the GSQ model.

Fix an input distribution Py and a class of target functions H C R*. We
consider two algorithms:

e Noisy GD on target h: Let 69, ....07 be the trajectory of noisy
gradient descent with 92 ~ po and updated the parameters via

0, =6, — kg (0;) + M€, where £ ~ N(0,7°L,).  (4.4.4)

Assume that the gradient has each coordinate clipped to 1, that is,
IVof(+;0)]|c <1 for all 8 € RP.

e CSQ algorithm on target h: Let ég, e éf be the trajectory con-
structed by a (random) CSQ algorithm with tolerance 7 as follows: let
0) ~ py and iteratively define

é}]frl = éﬁ — nkvh(éﬁ) + nkék, where ék ~ N (0, TQIp), (4.4.5)

where v,(0F) is the vector of p responses from CSQ(7) oracle, when
given the p inputs gh(Hﬁ). Recall that gradient on squared loss can
indeed be implemented within CSQ (by equation (4.2.2)). In particular,

lo(6%) — g (83) [l < 27. (4.4.6)
Note that the total number of query call of this algorithm is pT'.

We can show the following bound between the two trajectories:



4.4. SQ AND NOISY GRADIENT DESCENT 111

Lemma 4.4.3. Fiz Py the input distribution and a target function h : X —
R. Then, there exists a joint coupling between OfT the noisy GD trajectory

(4.4.4) and ON,?T the CSQ trajectory (4.4.5), such that

Ploit = 0" = 1- Vi ; (4.4.7)

Proof. Again the result follows by adapting the proof of Lemma 3.2.4. We
have

T—
1
ULOTNEGT) = 3 S Ba-cap [ 0D
k_
2
< 2Tp7'
The rest of the proof is identical and we omit it. ]

Set T = jTLT' Then the above lemma states that with probability at least

1—9, we have 9% = ég Thus, if any CSQ algorithms fail to solve a problem
with T'p queries and tolerance 7 = jTTT’ so does noisy GD with probability
1 — 9. For example, CSQ fails to solve the detection problem if

Tp _ 0T , ...
- < Aligneo, (;9) = T < s (A“gncOr(NH;g))l/za

and noisy GD fails with this number of steps with probability at least 1 — §.
For 7,6 = ©O(1), this is much worse than the bound we derived with junk
flow:

T < 46°7°Alignce, (1ag; 9)-

However, the advantage of this approach is that one can directly transfer
hardness of CSQ to hardness of noisy GD. For example, using CSQ-hardness
of learning parities (Theorem 4.2.7), we directly deduce the following inter-
esting result!:

Corollary 4.4.4. Noisy GD on a polynomially-sized neural network must
either take 29 many steps or have noise level T = 2=%9 in order to learn
parity functions.

LOf course, one could have directly computed the correlation alignment complexity, which is 2% see
Example 3.2.3—, and applied Theorem 3.2.2 to obtain this corollary.
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4.5 Examples

[TBD]
Correlation Alignment complexity already done for both. Mention that
it extends to CSQ (or SQ if binary valued).

4.5.1 Gaussian single-index models

we can do way much better by taking non-correlation queries (changing loss)
or reusing queries.
generative exponent.

Definition 4.5.1 (Generative exponent).
kg :=inf{k > 1:37:Y — R, Ep[T(y)He,((w., x))] # 0}. (4.5.1)

discuss difference with info exponent (e.g., polynomials: we can always
transform them to be generative leap 1 or 2)

SQ query lower bound ¢/72 > d*/? SQ alignment

But also on the number of samples. Computational statistical gap.

Matching algo

4.5.2 Sparse functions on the hypercube

[TBD]| Leap complexity SQ-leap complexity
Give an example wehre it lower the leap
Matching algo.



Chapter 5

Low-degree polynomials

In this chapter, we provide a brief introduction to the low-degree polynomial
(LDP) method, a framework developed to study statistical-computational
tradeoffs in high-dimensional inference [BHK™19, HS17, HKP*17, Hopl§].
The LDP method has proven particularly effective in predicting statistical-
computational gaps for a wide range of planted problems, including planted
clique, sparse PCA, tensor PCA, sparse linear regression, and many others.

Formally, low-degree polynomials can be viewed as a restricted model
of computation, in which the output of algorithms can be represented as a
multivariate polynomial of bounded degree in the input data. These algo-
rithms enjoy several desirable properties: they can be computed efficiently
and are robust to noise in the data. Many popular algorithms—including
spectral methods and approximate message passing—can be captured within
this framework. Remarkably, it was shown that low-degree polynomials are as
powerful as the best-known polynomial-time algorithms for many canonical
problems. This observation has led to the formulation of the so-called low-
degree conjecture, which posits that for a broad class of inference problems,
low-degree polynomials capture the full power of polynomial-time algorithms.
That is, for ‘nice’ problems, an efficient algorithm exists if and only if the
problem can be solved by a low-degree polynomial algorithm.

In this chapter, we focus on the application of the LDP framework to
detection problems, and illustrate its power by deriving a lower bound for
Gaussian single-index models. For a recent and comprehensive overview of
the LDP framework and its applications, we refer the reader to [Wei25]; see
also [KWB19] for another pedagogical introduction.

113
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5.1 Background on hypothesis testing

A majority of the works on the LDP framework concerns the detection prob-
lem. As discussed in Chapter 4, a lower bound for detection implies a lower
bound for recovery (weak or strong learning). However, the converse does
not necessarily hold: recovery may still be hard even when detection is easy.
Recent work by Schramm and Wein [SW22] has extended the LDP frame-
work to the recovery setting, but the theory is comparatively less developed
and we will not pursue this direction.

In this section, we formally define our detection problem and review some
classical results on hypothesis testing.

Sequence of detection problems. Throughout this chapter, we are in-
terested in high-dimensional detection problems, which we formalize as a
sequence of hypothesis testing tasks indexed by some integer d (e.g., the di-
mension of the input space). We will be interested in how the computational
complexity of detection scales with d as d — oo.

Formally, let Z=(Z (d))d>1 be a sequence of measurable spaces, for exam-
ple Z@ .= Y xR and let D = {DD} =, and Dy = {D } be two sequences
of dlstrlbutlons on Z@ . For each d, the task is to distinguish between the
null hypothesis Hy : Z ~ D( ) and the alternative hypothesis H, : Z ~ D@,
An algorithm that solves thls problem defines a sequence of tests, that is,
functions 749 : 29 — {0,1}, that takes a sample Z from either D@ or D
and outputs T(Z) = 1 if it guesses that the sample comes from D@ and
T(Z) = 0 for DIV,

For notational simplicity, we will sometimes drop the superscript and leave
the dependency on d implicit.

Likelihood ratio and optimal test. In statistical parlance, a test makes
two possible types of errors:

e A type I error when the test falsely rejects the null (i.e., T(Z) = 1 when
4~ Do);

e A type II error when the test fails to reject the null despite the alter-
native being true (i.e., T(Z) = 0 when Z ~ D).
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We define the type I and type II error probabilities as:

Oé(T) = PZNDO(T(Z) = 1),
B(T) == Pzp(T(Z) = 0),

and refer to 1 — B(7T') as the power of the test.

There is a fundamental tradeoff between type I and type II errors. For
instance, the constant test 7' = 0 minimizes the type I error (o = 0) but has
no power (§ = 1), while T'= 1 does the opposite. In statistics, one typically
fixes a tolerance o € [0, 1] for the type I error and seeks a test maximizing
the power subject to a(T') < a.

A foundational result—the Neyman—Pearson lemma—characterizes the
optimal solution to this tradeoff via the likelihood ratio test.

(5.1.1)

Definition 5.1.1 (Likelihood ratio test). Let D < Dy and define the likeli-
hood ratio as the Radon-Nikodym derivative L(Z) := (f—go(Z). The likelihood
ratio test with threshold n > 0 is the test defined as

1 of L(Z) >,

0 i L(Z)<n. (5.1.2)

LR, (Z) := {

Lemma 5.1.2 (Neyman-Pearson lemma [NP33]). For n > 0, let a.(n) =
a(LR,). Among all tests T' such that a(T) < a.(n), the lijelihood ratio test
LR, mazimizes the power 1 — B(T).

In other words, for any fixed level o € [0, 1], the most powerful test that
controls the type I error at level « is (possibly a randomized version of) the
likelihood ratio test with a suitable threshold 7 such that o(LR,) =

Weak and strong detection. We consider two notions of success for our
detection problem in high dimensions:

Definition 5.1.3 (Weak or Strong detection). Let Dy = {D }d>1 and D =
{D(d)} be sequences of distributions corresponding to the null and alternative
hypotheses, and let T = (TD) 4=, be a sequence of hypothesis tests.

(i) (Strong detection.) The test T achieves strong detection if it is correct
with high probability, that s, type I and II errors vanish asymptotically:

a(T) + B(T) = 0a(1). (5.1.3)
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(1) (Weak detection.) We say that the test achieves weak detection if it
performs strictly better than random guessing, with asymptotically non-
vanishing advantage:

a(T) + B(T) = 1 — Qu(1). (5.1.4)

The asymptotic (in)distinguishability of two sequences of distributions
can be characterized by the following notion of contiguity, an asymptotic
analogue of absolute continuity between measures:

Definition 5.1.4 (Contiguity). A sequence of distributions D = (D@)ys,
1 said to be contiguous to another sequence Dy = (D(()d))d>1, denoted D <

Dy, if for any sequence of events (Ag)g>1 with D (Ad) , it holds that
DD(Ag) — 0 as well.

Lemma 5.1.5. If either DDy or Dy<1D, then strong detection is impossible.
Conversely, if no test achieves weak detection, then both D <1 Dy and Dy<1D.

Proof. We identify a test 7Y with the event Ay := {T¥ = 1}. Suppose
D <1 Dy (the other case is symmetric), and assume for contradiction that
there exists a test T" achieving strong detection. Then,

a(T) =D (A)) =0, and B(T) = DD (A =0

Since D (Ad) — 0, contiguity implies D (A4,;) — 0, hence DD (A%) —
Contradlctmg B(T) — 0.

Conversely, suppose no test achieves weak detection. Then for all mea-
surable sequences T' = (Ag)g>1,

a(T) + B(T) = D (Ag) + DD(AG) > 1 — oy(1).

This implies
D(Ag) < DY (Ag) + 0a(1),
and therefore, D <1 Dy. The same argument shows Dy <1 D. ]

Thus, to rule out strong detection, it suffices to show that either D <1 D
or Dy <D (as shown below, it will often be easier to show D <1 D). Thanks
to Neyman-Pearson lemma, we know that the optimal test is based on the
likelihood ratio. Hence, it is natural to seek a criterion for weak and strong
detection in terms of the likelihood ratio. This leads to the following classical
criterion for detectability:
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Proposition 5.1.6. Let L := (Lg)q>1 be the sequence of likelihood ratios.
Then:

(a) If || L||3, = Oa(1), then strong detection is impossible.
(b) If |IL||%, = 1+ 0a(1), then weak detection is impossible.

Proof. Let’s show that ||L||3, = O4(1) implies D <1Dy, and thus, strong detec-
tion is impossible by Lemma 5.1.5. Take any sequence of events (Ag)g>1 such
that Dy(Ag) — 0. By change of measure and Cauchy—Schwarz inequality:

D(Aq) = Ep, [La(Z2)1[Z € Ad]] < || L],/ Do(Ag) — 0.

Hence D < D,.
For part (b), consider the total variation:

2-TV(D,Dy) = En,[|L— 1] < |IL— Lp, = \/I LI}, — L = 0,

where we used that (L,1)p, = 1 and therefore ||L — 1||3, = || L||3, — 1. By
definition of the total variation distance, for any test T,

a(T)+B(T)=Dy(T=1)4+1-D(T =1)>1—-TV(D,Dy) =1 — 04(1),
and no test achieves weak detection. ]

Proposition 5.1.6 is often referred to as the second moment method, and
provides a practical criterion for proving contiguity. In particular, to prove
impossibility of weak or strong detection, it is sufficient to control the L2-
norm of the likelihood ratio. However, the criteria in Proposition 5.1.6 are
not necessary: there are situations where strong detection is impossible even
though ||L||p, — oo, due to rare “bad events” where the likelihood ratio
takes very large values. In such cases, more refined arguments—such as
conditioning on the complement of these bad events in the second moment
method—are required to establish contiguity.

An example: Principal Component Analysis. Let’s illustrate Propo-
sition 5.1.6 with a simple example. We consider the standard spiked Gaus-
sian Wigner model with uniform prior, and the task of detecting the signal.
Specifically, we consider Z = Sym,(R) the space of d x d symmetric matrices:
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Hy: The data under the null Y ~ Dy is drawn as
Y =W, (5.1.5)

where W is a d X d random symmetric matrix with entries W;; ~
N(0,2/d) and W;; ~ N(0,1/d) independently for i < j.

Hi: The data under the alternative Y ~ D is drawn as
Y = \uu' + W, (5.1.6)
where A > 0, u ~ 7,4 := Unif(S91), and W ~ Dj.

When can we detect the signal, that is, distinguish between distributions
with A > 0 and A = 07 The following lemma bound the second moment of
this detection problem

Lemma 5.1.7. If X < 1, then ||L||3, = Oq(1) and strong detection is impos-
sible.

Proof. The likelihood ratio in this setting simplifies to

4D gy _ By [op (5IY — duuT])]
dD, exp (—4||Y[|2)
A N2
= EUN:M [exp (?’U, Yu-— T)] .

Now passing to the second moment:

d\ d\?
uvwﬁdEYNDo [exp ( 5 [ TYU + ’UTY’U] )]

=, :

[ dN? dAN?

= Euw~q, |€XD (THuuT +ov' )% — 7)] (5.1.7)
/AN

- Euavwﬁ/d eXp ( 2 <u7 v>2):| 9

where on the second line we used that u'Yu + v'"Y v is a Gaussian random
variable with variance 2||uu’ + vv"|%/d, and we simplified the Gaussian
moment-generating function (MGF).
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Under the uniform distribution over the sphere, (u,u’)> ~ Beta(3, 1).

The second moment simply corresponds to the MGF of a Beta distribution
at t = d)\?/2, and we can compute it exactly in terms of a confluent hyperge-
ometric function. Here, we only need to prove an upper bound uniform in d,
and we use instead that P(|[{(u,v)| > t) < 2exp(—dt?/2) (that is, (1/d)-sub-
Gaussianity tails):

2 00 [ 2
Ev w9, [exp (%(u,w?)] = / P |exp <%(u,’v>2) > t] dt
0 i

> 2logt
= P >\ ——| dt
| |iwwl =25 ]

< / 2t 1N g,
0

which is finite for A\ < 1. ]

12
Y

In fact, one can show that for A < 1, ||L[|3, converges to (1 — A\?)
while ||L[|3, diverges for A > 1. By Proposition 5.1.6, strong detection is
impossible for A < 1. On the other hand, strong detection is possible for
A > 1 by simply computing the top eigenvalue Aoy := Apnax(Y):

e If Y ~ D with A <1 (including the null A\ = 0), then Ay« converges
almost surely to 2.

o If Y ~ D with A > 1, then A\, converges almost surely to A+1/X > 2.

Thus the test that simply thresholds the top eigenvalue {\,.x(Y) > n} for
any 2 < n < A+ 1/X has vanishing type I and II errors asymptotically.

The critical value A = 1 is often referred to as the Baik-Ben Arous-
Péché (BBP) transition [BBAP05, BS06, Péc06]. Below this value, D <1 Dy,
while above this value, D is not contiguous to Dy because strong detection is
possible. For the interested reader that might be wondering what happens at
A = 1, Johnstone and Onatski [JO20] showed that strong detection is possible
at this critical value.

Polynomial-time detection. We have seen that the likelihood ratio test
is statistically optimal, and that its L?-norm provides a convenient way to
certify the impossibility of weak or strong detection. However, computing
the likelihood ratio is generally intractable, as it often requires summing over
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an exponentially large space. Thus, while the likelihood ratio characterizes
information-theoretic (statistical) limits, it may not correspond to any fea-
sible algorithm. Instead, we would like to restrict our attention to ‘feasible’
tests, that is, tests that are computable in polynomial time (polynomial in d).
This leads to computational analogues of weak and strong distinguishability,
where we require the test to be efficiently implementable.

Clearly, requiring distinguishability via a polynomial-time algorithm is
a much stronger constraint than information-theoretic distinguishability. In
the spiked Gaussian Wigner model, we saw that as soon as strong detec-
tion is possible, an efficient test exists, based on thresholding the top eigen-
value. However, in general, statistical distinguishability does not imply the
existence of a polynomial-time algorithm. This phenomenon is known as
a statistical-computational gap. The planted clique problem is a canonical
example:

Problem 5.1.8 (Planted Clique). Let Z; denote the space of undirected
graphs on d vertices, represented as binary vectors € = (€i;)i<jec(a € {0, 1}d(d_1)/2,
where e;; = 1 indicates an edge between vertices i and j. Consider the fol-
lowing hypothesis testing problem:

Hy: Under the null, we observe an Erdos-Rényi graph G(d,1/2), where each
edge appears independently with probability 1/2.

Hy: Under the alternative, we first choose a random subset S C [d] of size
|S| = k. The graph is then drawn by placing edges with probability 1
between all pairs {i,7} C S (i.e., forming a planted clique), and with
probability 1/2 between all other pairs.

Under the alternative, the graph is a random Erdos-Rényi graph with
a planted k-clique. When are these two distributions distinguishable? And
when does there exist a polynomial-time algorithm that can perform the task?

e Statistical threshold: The largest clique in a random graph G(d, 1/2)
has size approximately kgat = 2logy(d) with high probability. Thus, if
k > (1 + ¢€)kgtat, one can achieve strong detection by finding the largest
clique: the maximum clique will, with high probability, correspond to
the planted one. Conversely, if k < (1 — ¢€)kstat, it can be shown that no
test (even computationally unbounded) can distinguish the hypotheses.
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e Computational threshold: The brute-force algorithm that finds the
largest clique requires enumerating all (Z) subsets and is computation-
ally infeasible for large d. Is there an efficient algorithm for planted
clique detection? Despite decades of work, the best known polynomial-
time algorithms succeed only when k = Q(v/d) [Kuc95, AKS98]. This
leads to the conjecture that the computational threshold is keomp =~ Vd,
and that for Ag. < b < Ecomp, detection is information-theoretically

possible but computationally intractable.

How can we provide evidence for the conjectured computational threshold
keomp?! Earlier, we saw that statistical indistinguishability can be established
by bounding the L?-norm of the likelihood ratio. But to reason about the lim-
its of efficient algorithms, we need a different framework—one that captures
the power of polynomial-time computation.

This is precisely the motivation behind the low-degree (polynomial) method.
The idea is to restrict attention to test statistics that are multivariate poly-
nomials in the input of bounded degree D, and analyze their performance.
In particular, we will examine the low-degree likelthood ratio, which is the
projection of the likelihood ratio onto degree-D polynomials. We will see
that bounding its L?-norm is conjectured to provide a sharp criterion for
computational detectability.

5.2 Low-degree polynomials

We now describe the low-degree method. The idea is to use low-degree mul-
tivariate polynomials as a proxy for polynomial-time computable functions.
For many ‘nice enough’ problems, low-degree polynomials appear to capture
the power of all known polynomial-time algorithms, that is, the problem is
solvable by an efficient algorithm if, and only if, it is solvable by a low-degree
polynomial. Thus, lower bounds against low-degree polynomials are taken
as evidence that no efficient algorithm exists. This is formalized as the low-
degree conjecture.

Low degree polynomials. Let Z C RY be the input space for our detection
problem. We denote by R<p[Z] the space of real-valued polynomials in Z =
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[21,. .., 2n] of total degree at most D, i.e.,

N
R<p[Z] = span H ziﬁi . (B1,---,BN) EZgo, ZﬁiSD
i€[N] i=1

We further denote V<p C L?*(D,) the subspace of polynomials of degree
at most D in L*(Dy) (which induces an inner-product (,-)p, structure on
R-p[Z]). Let P<p denote the orthogonal projection onto V<p in L?(Dy).

The low-degree likelihood ratio. In the previous section, we saw that the
likelihood ratio provides an information-theoretic optimal test to distinguish
between distributions. Below, we introduce an analogous optimal test, now
restricted to low-degree polynomials:

Definition 5.2.1 (Low-degree likelihood ratio). Consider a likelihood ratio
function L = dD/dDy € L*(Dy). Then, the D-low-degree likelihood ratio
(D-LDLR) is defined as L=P := P.pL.

Let’s provide some high level motivation for this quantity, before dis-
cussing more formal justifications later in this section. With unbounded
computation, the L?-norm of the likelihood ratio characterizes indistinguisha-
bility: we can write this criterion in variational form as

ILlln, = sup —2 7
" pzor /Ep,[f(2)7]

with the supremum uniquely attained at f = L/||L||p, (this follows by rewrit-
ing the numerator as (L, f)p,). This suggests to measure the quality for a
test statistics f using the following ‘signal-to-noise ratio’:

Ep[f(Z)]
1fllpy

To find an optimal computable test, we could therefore restrict the opti-
mization in (5.2.1) to only maximizing over f that are polynomial-time com-
putable. Restricting to low-degree polynomials, the following proposition
shows that L=P is indeed optimal following this heuristic:

(5.2.1)
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Proposition 5.2.2. Let L= be the D-LDLR. Then

< Ez-plf(Z)]
L—D _ Z~D :
127z, feEZE[Z] VEz.p,[f(Z)]

(5.2.2)

and the mazimum is uniquely achieved at f, := L=P /||L=P||p,.

Proof. Simply rewrite the variational problem as

sup 2P f2) o P<nl P<nfin,

f:Z2-R HPSDfHDO f:Z-R HPSDfHDO

The proposition follows by Cauchy-Schwarz. H

The following conjecture, central to the low-degree method, posits that
the second-moment criterion for statistical indistinguishability has a compu-
tational analogue when restricted to low-degree polynomials. That is, if the
low-degree likelihood ratio has small norm, then no polynomial-time algo-
rithm can distinguish the two distributions:

Conjecture 5.2.3 (Low-degree conjecture, informal). Let D and Dy be “nice

enough” sequences of distributions. If there exists € > and a sequence of
degrees D = (Dy)g=1 with Dy > (log(d))'™ for which the following holds:

(a) If ||L=P||p, = Oq4(1), then no polynomial-time algorithm can achieve
strong detection;

(b) If ||IL=P]||p, = 1+04(1), then no polynomial-time algorithm can achieve
weak detection.

Informally, this conjecture suggests that polynomials of degree at most
log(d) can be used as proxy for any polynomial-time algorithm. We will
return to this conjecture later in this section: in particular, we will discuss
what is meant by “nice enough”, why the degree D scales as log(d), and what
evidence supports (or challenges) the low-degree conjecture.

Weak and strong separation. We saw in Chapter 4 that a lower bound
on SQ rules out success of any SQ algorithm under adversarial noise. This is
somewhat believed to rule out noise-robust algorithm under statistical noise.
What about low-degree polynomials? What algorithm can we formally rule
out with the criterion in Conjecture 5.2.37
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Ideally, by analogy to the likelihood ratio and the above construction,
we would like to rule out weak or strong detection for any test that can be
written as {f(Z) > t} where f is a degree-D polynomial. Let’s introduce the
following weaker notion of success for low-degree polynomials:

Definition 5.2.4 (Weak and strong separation). We say that a sequence of
polynomials f = (fi)a>1, fa : Zd) 5 R, strongly separates distributions D
and Dy if

vmax {Varp(f), Varp,(f)} = oa (|Ep[f] — Ep,[f]]), (5.2.3)
and weakly separates D and Dy if
vmax {Varp(f), Varp,(f)} = Oa (|Ep[f] — Ep,[f]]) (5.2.4)

Proposition 5.2.5. If a sequence of functions [ strongly (resp. weakly) sep-
arates D and Dy, then it achieves strong (resp. weak) detection.

Proof. Suppose f strongly separates D and Dy. Denote § = Ep[f] — Ep,[f]
and assume 0 > 0 without loss of generality. Consider the test that rejects
the null if f(Z) > Ep,[f] + 0/2. Then, by Markov’s inequality

Pp, (f(Z) 2 Ep,[f] 4 6/2) < Pp, (|f(2) = Ep,[f]| = 6/2)

Varpo(f)
< 4T = 04(1),
where we used (5.2.3). Similarly,

Pp (f(Z) <Ep,[f]+6/2) < Pp(|f(Z) — Ep[f]| = 6/2)

Var(;(f) _ Od(l).

We conclude that this test achieves strong detection.

For weak separation, a similar thresholding test { f(Z) > t} achieves weak
detection, but now with ¢ not necessarily the midpoint. The proof is more
involved and we refer to [KSWY25, Proposition 3.2] for details. O]

IN

4

Thus, strong and weak separations give simple, sufficient conditions for
weak and strong detection, based only on the two first moments of the poly-
nomial function f. The following proposition shows that L?-norm bounds on
the low-degree likelihood ratio rules out this weaker version of detectability:
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Proposition 5.2.6. Let L= be the sequence of low-degree likelihood ratios
as defined in Definition 5.2.1, for some sequence of degrees D = (Dg)g>1-
Then:

(a) If HLSDH%O = 04(1), then no sequence of degree-D polynomials strongly
separates D and Dy.

(b) If|L=P||3, = 1+04(1), then no sequence of degree-D polynomials weakly
separates D and Dy.

Proof. From the definition, showing that no degree-D polynomial weakly or
strongly separates D and Dy is equivalent to showing that

s ]ED[f] - EDO [f]
p
feRep(z) \/max {Varp(f), Varp, (f)}

is 04(1) or Og4(1) respectively. Without loss of generality, we can impose
Ep,[f] = 0. Let us further relax the denominator, which is lower bounded by
Varp, ()2 = || f|lp,- Thus the above display is upper bounded by

E E
. olfl . Eolfl —Enlf
fERSD[Z EDO HfHDO fGRgD[Z] HfHDO
-~ (L—1,P<pf)p,
= sup
i IP<pflin,

= IL=P = lp, = \/1L=P g — 1.

Assuming either |[L=P||3, = Oq(1) or ||[L=P||3, = 14 04(1) directly implies
failure of strong and weak separation respectively. ]

In Proposition 5.2.6, the statement is not bidirectional: there are examples
where ||L=P]|p, is diverging but strong separation is impossible [DMW25].
Indeed, in the proof we only show part of the strong separation criterion:
we do not control the variance under the alternative Varp(f). Since coun-
terexamples have been found, now people prefer to use directly weak and
strong separations as criterion of hardness: the threshold under this sepa-
ration criterion indeed match the (conjectured) computational threshold in
these counterexamples. [TBD]
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Summary. [TBD] Convenient criterion that can be computed in many set-
tings.

If we have an orthonormal basis of R[Z]<p with respect to Dy. Then we
have simply

1L="15, = Z Ezpl¢i(Z

How to compute with basis. Use example.

5.2.1 Discussion on the low-degree conjecture

We refer to [Wei25]. [TBD]

Computational complexity of degree-D algo. why log d and spectral
algorithms.

Robustness to noise. Why low-degree polynomials: Properties of low-
degree polynomials: insensitive to low probability evens + adding noise makes
functions become low-degree.

Ruling out low degree threshold functions The LDLR bound only rules
out strong and weak separation. A more natural class of test to rule out would
be all polynomial threshold function {f(Z) > t} for f polynomial. How-
ever, our current lower bounds only rules out a control with second moment
method.

Pzp(f(Z) = Ep[f] =2 t) <P(f(Z) —Eplf]| = 1)
[KWB19, Theorem 4.3].

Formal conjecture. What are the nice problems for the conjecture to hold.
Equivalence between LDP and SQ. [BBH"20] ALSO, mention Franz-

Parisi criterion [BEAH 22, CMZZ25]) Interesting direction to connect (and
unify) different notions of hardness.

5.3 Example: Gaussian single-index models

[TBD]
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For sparse function, no statistical-computational gaps.
There is some evidence that gradient descent will not be able to achieve
(online SGD sufficient O(d*~1)) but it remains open either way.
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Appendix A

Technical results

In this appendix, we include supplementary background and provide proofs
for the technical results that were omitted from the main text.

A.1 Function space on the sphere

In this section, we overview some basic properties of functional spaces over the
sphere. We refer the reader to [Sze39, Chill, Dail3] for further background
on this topic. In particular, we will use the expansion of the regression
function into spherical harmonics on S*! to derive elementary lower bounds
on learning Gaussian single-index models.

Recall that we denote ST ! = {x € R? : ||z|s = 1} the unit sphere in
d dimension, 7, := Unif(S%!), and L?*(9,;) the space of squared-integrable
functions on the unit sphere under uniform distribution.

Spherical harmonics. Spherical harmonics are defined as homogeneous
harmonic polynomials restricted to S?!. That is, a polynomial P(z) with
z € S%1 is a degree-k spherical harmonic if and only if it satisfies: (1)
P(tz) = t*P(z) for any t € R (homogeneity), and (2) AP = 0 (harmonic
function) where A is the Laplace operator Af = 2?21 88—;2 f.

Denote Vi, the linear subspace in LQ('_yd) of degree-¢ spherical harmonics.
A classical results of harmonic analysis is the following orthogonal decompo-
sition of L?(7y):

L*(a) = D Vi (A.1.1)
(=0

141



142 APPENDIX A. TECHNICAL RESULTS

Equivalently, V;, corresponds to the subspace of degree-¢ polynomials that
are orthogonal (in L?(94)) to all polynomials of degree at most £ — 1. Denote
Ny = dim(Vy,), which is given by

1 (=0,
Ny¢e=14d (=1, (A.1.2)
—9 (d+0—
SN 22

In particular, Ny, = O4(d").
For each Vi, £ > 0, we choose an orthonormal basis of spherical harmon-
ics {Ys bsen,,), so that

Eens[Yes(2)Yes (2)] = 05
The set {Yis}i0,5e[n,,) forms a complete orthonormal basis of L*(74).

Gegenbauer polynomials. Denote 74, the distribution of (z, e;) with z ~
74 and e; an arbitrary unit vector. That is, 44 is the marginal distribution
of one coordinate of a unit vector uniformly distributed on S¢~'. Note that
it has the explicit density function

d—3

2\ 5
_ Wq—2 €T
dr) = 1—— dz,
T (de) dwi—1 ( d)

a2 . _
where wy_1 = 1*2(721—/2) is the surface area of S¢ 1.

Define {Qy}¢>0 to be the orthonormal basis of polynomials on L?([—1, 1], 94.1),
that is,

Enryy, [Qe(2)Qr (2)] = dppr.

These polynomials are known as the (normalized) Gegenbauer polynomials.
We can construct them via the Gram-Schmidt procedure:

1 jd+2

~2Va-1

which simplifies to the three-term recurrence relation:

Naggs120+d—2 Nari1 14
Z) = | =% ZQuZ) — 4| =2 L(2).
Qen(2) Ny d+0—2 Qi(2) Nd,g_1d+2£—2Qf 1(2)

Qo(Z) =1, Q1(Z) = Z, Q2(2) (22 - 1),
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Correspondence between Gegenbauer and Spherical harmonics. A
crucial property of Gegenbauer polynomials is the following celebrated iden-
tity: for all w, z € S !

Qul(w, 2)) = —— 3 Viu(w)Vis(2) (A.13)

This identity is sometimes referred to as the addition theorem. In particular,
this implies that for all z € ST,

Na,e
Q.1 ZY% = /Nyy, (A.1.4)
Ndé
using that Q(1) = E,-,[Q.(]|2]13)] = 1/2 SN |Y2s]|2,. Similarly, using

orthonormality of the spherical harmomc basis we obtain for every w,u €
Sd—l
Ocp

/Na g

This reproducing property of Gegenbauer polynomials will greatly simplify
our proofs when we will consider lower bounds on Gaussian single index
models.

Consider a function h : [—1,1] — R. It admits the following expansion in
the Gegenbauer polynomial basis

Ez”%@[@f“w: z>)Qf’(<Z7 u>)] -

Qe((w, w)). (A.1.5)

2) = GQu(z),  Gi= By, [0(2)Qu(2)].
(=0

In particular, the function A : S%! — R defined as h(z) = h((w, z)) admits
the following decomposition in the spherical harmonic basis

(A.1.6)

Mg
2@
g
§<
§<

Z@Qe w, z)) =

=0 =0 ’ =

Correspondence between Gegenbauer and Hermite polynomials.
Recall that {He}r>o denotes the orthogonal basis of Hermite polynomials
in L?(~y;), with the standard normalization (Hey, Hep)r2 = Eklopw.
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By central limit theorem, the distribution of v/d-z, with z ~ V4,1 converges
weakly to ;. It is straightforward to show that Gegenbauer polynomials
converge to the Hermite polynomials, that is the coefficients

dlggo Coeff{Q(x/Vd)} = Coeff{Hey(z)/VE!}.

In particular, for all h € L?(+y), the k-th Gegenbauer coefficient of converges
to the k-th Hermite coefficient of hA:

lim E.or,, [h(VA - 2)Qu(2)] = pi(h) = Egor [1(G)Her(O)]

When decomposing single-index models into spherical harmonics, it will
be useful to consider a more quantitative correspondence between Gegen-
baeuer and Hermite polynomials. We will use that we can decompose (w, x) ~
v into (w, ) = r-(w, z) where r = ||z||z ~ xqg and z = x/||x||; ~ Unif (ST 1)
are independent. Thus, we can write 71 = xq ® J4,1. The following proposi-
tion proved in [JKMS25] controls the coefficients in the expansion of Hermite
polynomials into Gegenbauer polynomials:

Proposition A.1.1 (Hermite to Gegenbauer expansion [JKMS25, Lemma
3]). For any k € N, we have for allr >0 and z € [—1,1],

k
Hep(r-2) = > Bru(r)Qe(2), (A.1.7)
(=0

where
0 if £ # k mod 2,

2 A.18
1Bkl Z2( {@d(dw)ﬂ) if ¢ = kmod 2. (ALE)

The coefficients [y ¢(r) are degree k-polynomials in r, and their explicit
expressions can be found in [JKMS25, Proposition 2].

Harmonic decomposition of Gaussian data. Let’s return to the function
space L?(v4) discussed in the main text. We saw that we can expand functions
f € L*(vy) into the basis of multivariate polynomials (2.4.2), that is, we
expand according to the following orthogonal decomposition of the function
space

L*(va) = €D Qu
k=0
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where 15, is the span of degree-k multivariate Hermite polynomials.

By delineating the norm from the direction of the input vector x, we can
consider an alternative decomposition of L*(y,) using the harmonic expansion
(A.1.1). While this decomposition—and the resulting basis functions—are
more involved than multivariate Hermite polynomials, this decomposition
is in many respects a more natural basis for studying single-index models
[JKMS25]. Importantly, it gives sharper lower bounds, which is our main
objective in these lectures.

Specifically, consider the polar decomposition of the Gaussian vector

xr

]2

x=rz, with r = ||x|s ~ x4 and z = ~ Y, (A.1.9)
independently. Thus we can write 75 = xq ® 74. Using the harmonic decom-
position of L?(9,), the function space L?(y,;) admits the following orthogonal
decomposition:

L*(va) = L*(xa) ® L*(7a) = P L*(x2) ® Vi = D Qs (A.1.10)
=0 (=0

where we denoted )
Qo = L*(xa) ® Vi

In other words, Qd’g corresponds to the subspace of functions h € L?(vy,) that
can be decomposed as

Nas

W)= agllel)Ya(e/zls), ) =Eas,[h(r - 2)Yi(2)].

Note that dim({gy) = 0o, as we do not constrain the dependency on ||]|.
Denote Py and Py the orthogonal projections onto €24 and €4 respec-
tively, P<; and P<; the orthogonal projections onto

k k
Qg < = @ Qa g, Q< = @ Qa g,
s=0 s=0

respectively, and P>, = I — P<;_; and Isgk =5 = Isgk_l the orthogonal
projections onto

[ee] o
Qg >p = @ Qa g, Qg > = @ Qi
S:]{ Szk
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Consider a single-index function h(x) = f.({(w,x)) in L*(vy4). Then, this
function admits two alternative decompositions

f((w, @) = Y P He(w, @)
=0 (A.1.11)
= > G Qulfw, 2))

where

e = B [f(G)Her(G)],  Gilr) = Bzns [f(7 - (€1, 2)) @1 ((e1, 2))].

By Proposition A.1.1, we have the following correspondence between the
coefficients in the two expansions

2
14 .
T = A oaM)IGNL,  IP=pfells, = (L4 0aO)IP=r LI, (A112)
Furthermore, we can see that when projecting f orthogonally to Hermite
polynomials of degree at most k — 1, it has polynomially vanishing—but non-
zero—projection on spherical harmonics of smaller degree: suppose ui # 0
and take ¢ < k with ¢ = k mod 2, then

HISE[PZkf*]Hiz = @d(d_<k_£)/2)- (A113)

While this seems negligible, this fact has important consequences on learning
Gaussian single-index models, as argued by Joshi et al [JKMS25]. This is
also the reason our first naive dimension lower bound, based on the Hermite
expansion, cannot be improved beyond d—*/2 in Section 2.4.1.

Hypercontractivity. Finally, we highlight a key property of low-degree
polynomials under the uniform measure over the sphere and hypercube, and
the standard Gaussian distribution: they are ‘well-concentrated’. More pre-
cisely, consider the LP-norm of a function f with respect to a probability
measure 4, defined as

HfHLP(u) = Exw[|f(x)|p]l/p

By Holder’s inequality, we always have || f||z» < || f||z« for any p < g. In gen-
eral, the reverse inequality does not hold—even up to a constant. However,
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for certain distributions, the reverse inequality holds for some sufficiently
regular functions. These measures satisfy the celebrated hypercontractivity
property [Bon70, Bec75, Gro75, Bec92].

Lemma A.1.2 (Hypercontractivity of low-degree polynomials). For any { €
N and f : R? = R a degree-{ polynomial, the following hold.

(i) (Hypercube Hypercontractivity [Bec75].) For any p > 2,

1 lzeway < (0 = D2 Fll 22 (A.1.14)
where we recall that vg := Unif({—1, +1}9).

(ii) (Spherical Hypercontractivity [Bec92].) For any p > 2,

1o < (0= D721 f 20 (A.1.15)
where we recall that 7y := Unif (ST71).

(11i) (Gaussian Hypercontractivity.) For any p > 2,

1o < = D211l z200) (A.1.16)
where we recall that g := N (0,1y).

This property has many consequences and applications, and we will just
mention one: the above inequality can be seen as a tail bound on low-degree
polynomials. Specifically, consider f : R? — R a degree-¢ polynomial and
p € {va,va,Ya}: then for all ¢ > 0,

V4
Py (1£(2)] = - 1fll120) < exp (z _ Q_tw) |

€

(Prove it using Markov’s inequality and optimizing over p!)

A.2 (Gaussian single-index models

Let us now return to the example of Gaussian single-index models. To derive
sharp lower bounds in this setting, we will leverage the alternative decompo-
sition (A.1.10) of L?(v,) in terms of spherical harmonics. This decomposition
is better adapted than the standard Hermite expansion for this model, as it
directly exploits the intrinsic rational symmetry of the problem as discussed
in [JKMS25].
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A.2.1 Dimension lower bound

To improve the simple lower bound n = Q4(d*/?) established in Section 2.4.1
to the tight bound n = Qg4(d*), we do the following two modifications:

(1) We replace the projection onto ;> the subspace in L*(v4) orthogo-
nal to polynomials of degree at most k — 1-—with the projection onto
Q24 >r—the subspace orthogonal to spherical harmonics (in z = x/||x||2)
of degree at most k — 1.

(2) Instead of bounding the average pairwise correlation,

Suth/NUH [|<h7 ISZkh>7dq )
heH

we directly control the operator norm [|Gg, _ [lop of the Gram matrix

associate to M random targets functions from 7—[&7), where the support
vectors (wj) ;e are sampled i.i.d. from 7.

Let us fix arbitrarily n covariate vectors (&;);e;,y C R? and consider a
kernel method that, given data (y;, ;)icp, With

Y = f*((w, .’L‘Z>) + &4, (A.Q.l)

outputs a predictor fw. The average excess test error under squared loss is
Eusy [Rexe(fur Dw)] = Buves, [ = ll2] (A.2.2)

where hy(x) == f.((w, x)).
We now state our refined lower bound on the average excess test error:

Proposition A.2.1. Consider the problem of learning Gaussian single-index
models (1.2.1) with regression function f. € L*(v1). For any kernel method,
any n covariate vectors (x;)icin C R?, and any arbitrary labels, the following
holds. For every k € N, there exists a constant C > 0 depending only on k
such that for any n € (0,1), if the average excess test error (A.2.2) satisfies

Ew”’?d {wa - hw”?yd} S (1 _ 77)”P2kf*”%2, (A.2.3)

then we must have
n > Crd®(n 4 04(1)).
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Proof. Step 1: Gram matrix of a random subset of targets. Let
hy(x) = fi({w,x)) and consider its decomposition into spherical harmonics
via Gegenbauer polynomials (A.1.11). Its projection onto €24 >y is given by

P efrao ZQ )Qc((w, 2)).

Using the reproducing property (A.1.5), the overlap between two such func-
tions is:

- a1l
hw7P> hw’ 4 — ) ). S

Now take M = d*t1/2 ii.d. random vectors {w;}jepar ~iia ya and consider
the Gram matrix

MxM
G, = (s Potha), )Zje[M]GR .

Using (A.2.4), this matrix decomposes as

> ¢ d
Qd>k z; ‘ i'/v;(EQ 2 Q= (Qf(<wszj>))w€[M]

The properties of the random matrices Q, where studied in [GMMM21,
Mis22, LY22]. By the addition theorem (A.1.3), each Q, can be written
as an empirical covariance matrix between featurized data:

1 1
Q= —Y Y, Y o= (Yos(w))) jepaseiva, € RN

v/ Na Ny

The matrix Y; has i.i.d. rows with uncorrelated entries of variance 1. While
entries are not independent, the asymptotic spectral behavior of Y; behaves
the same as the one of a Gaussian matrix with independent N'(0,1) entries:

o If M < Ny, then Nd_él/ng concentrates on I, (in operator norm).

o If M > Ngyy, then YJYg /M € RNaoxNae (the average of M independent
rank-one matrices) concentrates on Iy,, (in operator norm).

o If M =< Ny, then the empirical spectrum of IV, £1 / QQg concentrates on
a Marchenko-Pastur distribution.
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We now split the Gram matrix as

= HngXko—I-K>k, where K. = Z H@”

G~

Hence, the operator norm satisfies

1Ga,sllor _ NGHIR, IYElZy | 1B illop
M o Nd,k M M .

Applying (1) Lemma A.2.2 to bound [|Y;]|2, and (2) Proposition A.2.3 to
bound K. (both stated below), we obtain with probability 1 — 04(1),

||G~d>kHop d
QM - ”Ck”x (Z Il )

(k11
2 2 Ch 15 2
< Nos (; |C£Xd> < gHszf*Hw

Step 2: Applying the dimension lower bound. By Corollary 2.3.2
applied to the subspace 4>, if

M

1 . =

7 2 b [P(f = B )|, < (1= m P2 fill,
j=1

then (with probability 1 — 04(1) over the random vectors w;)

M ~
n> o (IParfill2, = (L= )Pl

1Ga, . llop
k

> 3+ oul1),

using the correspondence ||P>if.]l?, = (1 + od(l))|||52kf*||%d from Equation
(A.1.12).
Step 3: Bound on the average excess test error. Let

X, 1= mf HP>k(f th)HW, 0< Xy, < Hlszkf*Hid
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By Hoeffding’s inequality, the empirical average concentrates: with probabil-
ity 1 — o4(1),
M

Eu[Xu] — 5 > X,

J=1

= 04(1) - [IP>1 13,

Hence

M

1oL . .

Wi > }16172 1Pk (f = )15, < Eupnry {wa - hw\ﬁd} +oa(DIPsrfell5,
j=1

Thus, if
Bumsy || for = hull2,] < (1= m)lIP=r Ll
then

M

1 : ~

17 D20t [Psi(f = hua I, < (L= -+ 0a(1) - [P,
j=1

which implies by the previous step that
n > cd" (1) + 0a(1)).

Note that we only need to show that there exists such a subset of M functions,
which is the case here as the above holds with 1 —o04(1) (positive probability).
This completes the proof. ]

Lemma A.2.2 ([GMMM21, Lemma 11]). Let (w;)jciarn ~iia Ya- For an
integer £ € N, denote

Y, o= (Yos(w))) jeqarseiva,) € RY N4,

where {Yis}sein,,) s an orthonormal basis of degree-{ spherical harmonics.
Then, for anyt > 0,

Mt
PYTY/M -1y, llo, >1t) <N — : A2
(Y Y M =Ty oy 2 0) < Naseso (—oges ) (A29)

Proof. For simplicity, denote N := Ny, below. Decompose A := Y'Y /M
into a sum of independent rank-1 matrices:

M
1
A= Zyy oy = (Ya(w)))e € RY.
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We use matrix Bernstein inequality [T"15, Theorem 6.6.1] to bound the
operator norm of this matrix. Denote X := y;y; — Iy so that E[X;] = 0.
First,

Xl < sl 1= 1+ 3 Vi) =1+ N,
s€[N]

where we used the identity (A.1.4). Furthermore,

> E[X]

j=1

1

o(A) = [E[AT oy = 775

1
= —IIELX2] oy

op

We can expand the square and obtain

IEIX lop = 1Bl 15559, — 2y5y; + In]llp = N — 1.

Thus, applying [T715, Theorem 6.6.1] with L = (N 4+ 1)/M and v(A) =
(N —1)/M, we deduce

—Mt%/2
_ > 1) < . :
P(lA = Infop 2 1) < N -exp (N — 1+ (N + 1)t/3)

Simplifying the right-hand side yields the desired bound. ]

Proposition A.2.3 ([MS24, Proposition 13)). For any integer ¢ € N, there
exists a constant Cy such that the following hold. For integers d,n such that
d Z Cg and M S dE—H/Cg, let (wj)jE[M] ~iid ’_Yd-

Consider a function h : [—1,1] — R orthogonal to all polynomials of degree
at most £ in L*([—1,1],7941) and denote K = (h({(w;,w;)));jenn. Then we
have with probability at least 1 — n~' that

| M
1K — (1) - Tagllop < Celog(d)*™* prs O

This result follows from a delicate application of the moment method. We
omit the proof here and refer to [MS24, Proposition 9] for the full argument.
A.2.2 Alignment complexity

Correlation alignment complexity via Hermite

Below we prove the technical lemma used in the proof of Proposition 3.4.2.
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Lemma A.2.4. Under the setting of Proposition 5.4.2, there exists a univer-
sal constant C' > 0 such that for all ¢ € L*(74),

S 17

Buresy [ = 90, 8)3,] <3 (C/d)" ZHIIPeo 3, (A.2.6)
k=1

Proof. Recall the decomposition

Ewnsy [(Pw = s 0)3,]

e.¢]

&/“Lk‘g Z Cozcﬂ ]E[ a—|-18]. (AQ?)

Fy! ! B!

ki.ka=1 a,BeZL, | alli=Fk,||B]l1=k:

Let us bound each of these expectations. We first recall Wick’s formula for
vectors uniformly distributed on the unit sphere: for every set of indices

(jla o 7j2q) c [d]2q7

1
By Hwﬁ T dd+2) - (d+2q—2) Z Hd’“b’

= 2q pairings 7r a b €7r

where the sum runs over all
(2¢g—1)N=(2¢—1)-(2q—3)---5-3-1

perfect pairings of {1,2,...,2¢}. Note that in the case of an odd product of
coordinates, the expectatlon is simply 0. Thus, for a multi-index & € Z>0,
we simply have

[1ciq H{perfect pairings of [¢;]}]

wb] =
Buslw®] = = @ e =2
B [Tieg(& — D! - 1[4 = 0 mod 2]
 d(d+2)- (d+[[€]l - 2)
1[€ = 0 mod 2] &/
= FIGEE 11& -

jeld]

where we used that (n — 1)! < n™? for even n.
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Let’s apply this bound to &€ = a + 3:

E[wa+ﬁ] - (6 HOLH1;HHH1 H (Q’j +ﬁj)(aj+6j)/2

ETR a;/2 pBi/2
a!g! d jeld] O‘jj ﬁjj
lledl1 +11811
e 2 2t log(a-—kﬂ)—ﬁlog(a')_&log(ﬁ')
(@) 7 e
j€ld]

lexly +18lly
(& 2
<@
d
where we used n! > (n/e)" on the first line and that f(x) = z log(x) is convex

on the last line.
Injecting this upper bound in the decomposition (A.2.7), we obtain

Ewwﬁd [(h’w — Gx, ¢>f2yd]

00 k1tky
< Z ZaNs Z callcs] (9) ’
- kil ko! Jaldl \ d
k=1 " o Bezd o=k Blh=k: o
a+£=0 mod 2
( )
=[O\ & | & (c/at
1 (87 —
<3 (G) H X @G X tees=omda
k=1 acZd, k=1 BELL,
ledli=kr 18]11=k2 )

where in the second inequality we applied Cauchy-Schwarz inequality. For
fixed a € Z%,, |||y = ki, the number of multi-indices 3 € Z<, ||8]1 = ko
such that a + 8 = 0 mod 2, is bounded by 2%'d*/2. Thus

= a0\ g, a5 (0)F
EwN’_Yd |:<hw_g*’¢>§/di| < Z(F) ]{;_f' Z %{Z(lﬁ)' }

k=1 ezd, kp=1
l|exl|1=F1
= [4C\ 2 p?
<Py () Pk,
k=1 '
which concludes the proof of this lemma. ]

Correlation alignment complexity via harmonic decomposition
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[TBD]

Lemma A.2.5. Consider the problem of learning the hypothesis class of
Gaussian single-index models (1.2.1) with regression function f, € L*(y1).
Let g be the distribution over target functions induced by w ~ 74. Then

. Nay
Al f -
igncor (13¢5 90) = inf 7R
where Ngo = dim(Vyy) = ©O4(d’), the reference function is chosen to be

go(x) := (o(r), and
Ce(r) i= Bz, Lf(r - (€1, 2))Qe({e1, 2))]
is the £-th Gegenbauer coefficient of f..

Proof. Consider the decomposition of f, into Gegenbauer polynomials:
follw, ) = G(r)Qi((w, 2)).
=0

Fix ¢ € L*(v4) and compute the correlation

EhNMH [<¢7 h — 90>2]
= ]Exl @2~ [¢(w1)Ew~fyd [(fs({w, 1)) — go(@1)) (f-({w, ®2)) — go(x2))] d(2)]

[9(@1)Ce(r1)Qe((21, 22))Ce(r2) p(@2)] -

Z \/m $1,$2N7d

Con81der the decomposition of ¢:

Z Z 668 ns

(=0 se Ndz]

Thus

=1
Eh s, [(qb,h — 90}2} = ZN_ Z (Co Bes)s Ya'

/=1 d’é SE[ng

We have Ic H2

¢
sup  Epp, [(%h - go>2] = SUPN—Xd
l)2,<1 21 St

Yd—
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